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ERROR ESTIMATES FOR SCALAR CONSERVATION
LAWS BY A KINETIC APPROACH
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We use the kinetic approach of Perthame and Tadmor (1991) to calculate the error esti-
mates for general scalar conservation laws governing problems in gas dynamics or fluid
mechanics in general. The Kruzkov and Kuznetsov techniques are generalized to this
method, and an error bound of order /e (where ¢ is the mean free path) is obtained.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

The kinetic approaches for scalar conservation laws have attracted attention for the last
few years. Much work has been done in this field, however, important developments such
as error estimates have not been totally investigated. The Perthame-Tadmor approach
[16] is here used to derive the error bound for the following Cauchy problem of conser-
vation laws:

N
O+ Y 0y (Ai(w)) =0, (1.1)

i=1

u(0,x) = up(x), (1.2)

where (t,x) € [0,+0[xRN, u = u(t,x) € R, and where the functions A;(-) = a;(-) are
locally Lipschitz in R.

It is well known that there is a lack of regularity of the solutions for ¢ > 0, so that
we generally look for weak solutions for (1.1)-(1.2). Moreover, there is a unique weak
solution of physical interest, satisfying the additional Kruzkov [10] entropy condition:

N
O (lu—e1) +> 0y (sgn(u—€)(Ai(u) — A;i(£))) <0 inD'(RV), (1.3)

i=1

¢ € R being any real scalar. For more details, see for example the classical book of Smoller
[17] and the references therein. Now, the problem (1.1)—(1.3), which can be seen as
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2 Error bounds to conservation laws by kinetic approaches

a macroscopic interpretation of gas dynamics, is generally approached by the viscosity
method or by methods of numerical purpose.

In this work, we are concerned with a simple microscopic model which is not only
adapted to solve the problems of existence, uniqueness, and convergence for scalar con-
servation laws, but adapted to calculate the error of convergence as well.

Our method consists in using the Perthame-Tadmor model which is analogous to the
models of the kinetic theory of gases. This is a BGK model derived from Bhatnagar et
al. [1], and contains most of the basic properties of fluid dynamics, mainly conservation
of mass, momentum, and energy (see the book by Bouchut et al. [2], and/or the book by
Cercignani [6]). A function f(t,x,v) where v is “velocity” is considered. It represents the
distribution of “molecules” located at x, having a speed v, at time ¢.

Let us recall that a discrete-time version of the Perthame-Tadmor approach [16] was
previously and simultaneously proposed by Brenier [4, 5], by Giga and Miyakawa [9],
and by Miyakawa [14]. In [16], the authors prove the convergence towards the unique
solution of (1.1)—(1.3). We are concerned here with the exact error of convergence.

The paper is organized as follows. In Section 2, we introduce the method of Perthame
and Tadmor, giving the main definitions and results. In Section 3, we develop an ap-
proximate entropy inequality with a precise “entropy” remainder. Then we give the error
estimates for the corresponding conservation law based on the Kruzkov-Kuznetsov tech-
niques in Section 4. Section 5 concerns some parabolic case.

2. Around the kinetic model

In this section, we give the main definitions and results due to Perthame and Tadmor. In
1991, they proposed the following BGK (say pseudo-BGK) model:

N
A fit S a0 fe = 3 Ut ftamas — i 21)
i=1
1e(0,x,v) = folx,v), (2.2)

as a kinetic interpretation of the conservation law (1.1)-(1.2) when ¢ — 0 (see [16] and
also Lions et al. [13]). The scalar function f, = f.(,x,v) is the kinetic solution, v € R, y,
(w € R) is a signature function (the pseudo-Maxwellian), and € > 0 the mean free path in
comparison with the Boltzmann theory. If such a solution f, is defined, the approximate
solution for (1.1) is simply the function

(1) = LER Filtxv)dv, (2.3)

while the signature y,, is given by

) 1 fo<v<w,
sgnw if (w—v)v =0, )
xw(v) = ) =4-1 ifw<v<0, (2.4)
0 otherwise,
0 else.
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Remark 2.1. We immediately deduce the following formulae:

(%) = jeﬂgxusu,x)(v)dv, (2.5)

and |w| = |

ver lxw(v)|dv for any w € R. Moreover,

Ai(u) —Aj(w) = J ai(v) (u(v) = xw(»))dv, 1<i<N. (2.6)

2.1. The well-posedness of the kinetic problem. Consider the linear version of (2.1)
(without the term y,,, at the right-hand side). The classical method of characteristics in-
volves solving the equations

dXx
E(w) =a(v), 27)
X(O,V) = Xo.

For ¢(t) = f.(t,X(t),v), we have d¢/dt = (—t/e)¢, that is, ¢ = C - e~ /9t With the
varying constant method, the solution of (2.1) is of the following form:

- 1 T—1)/e
fe(t,x,v) = e ¢ £,(0,x — Ta(v),v) + ;J Oe( 0/ Koo (rrx—(t=v)a(v) (V)dT (2.8)
—

(see Omrane [15]). We also have the L! contraction

||f£(t)x) V) _gs(t)x)V)HLl([RQIXR‘,) =< eit/SHf:e(OJ-x)V) _gs(o)x)v)”Ll([Rgx[Rv)
+ l J Jt e(‘r—t)/s
€ JyJr=0

(here w, = [, g.) where f, and g are two solutions of (2.1). This gives

X,Ag(r,x) (V) - st(r,x) (V) | |L1([RXN)dT dV,
(2.9)

||f€(t)xa V) —ge(t,x>V)||L1<RNX[RV) < e_t/EHfs(Osx:V) —gs(O,x,V)HLl(Rkav)

+(1- e’”g)osup [ fe(7,2,v) = ge(7,5,9) || 11 mv )
<7<t
(2.10)
Since 0 < (1 —e"¢) < 1if £,(0,x,v) = g:(0,x,v), then there is a unique solution to (2.1).

Moreover, by (2.10), the kinetic solution is continuously dependent on the initial data.
We also have the contraction inequality

|| fe(t,x,v) _gf(t’x’v)HLl([RNx[RV) <|I£0,x,v) _g€(0>x’v)||L1([RN><[R,,)' (2.11)

THEOREM 2.2. The model (2.1) is well-posed in L ([0, T; L' (RN x R,)), and the inequality
of contraction (2.11) holds true.

Proof. See the article of Perthame and Tadmor [16] for the proof. O
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2.2. Finite speed of propagation. In [16], we find the following. We first notice that for
any t € [0,T],

||Ms(t: ')||L°°([|§N) = L”fs(t, ')V)”Lw(uw)d" = Jv||fe(0) 'aV)HLm(rRN)dV) (2.12)

with the help of Jensen’s inequality. Denoting e = |lue(t,x) Iz (wrY), the support of f(t,
x, -) is showed to be contained in K, :

K, = (supp (f:(0,%,4))) U [ = thoo, +theo |- (2.13)

Consequently, the term a(v) - V f; is also supported in K, and the elements |a;(v)| are
bounded by

ae =max{|a;(v)|,veK,, i=1,...,N}. (2.14)

Remark 2.3. In fact, the support of f(t,x, ) is mainly contained in [—u, 1 |, because
of the decay of the initial data in (2.8).

2.3. The kinetic entropies H( f;). The notion of “kinetic” entropy has the same sense as

the classical entropy for conservation laws. It is just a microscopic version of it, and the
name is due to the presence of the speed vector a(v).

Definition 2.4. The kinetic entropies are the functions H( f;) such that for any positive
test function ¢ € D(R: X RY),

—JWJ [ ([0,+a(v) V@) H( £)dvdxdt <0 (2.15)
0 RN JR,

(according to the H-theorem in Boltzmann theory).

Multiplying (2.1) by sgn( f. — x¢), € € R, and integrating by parts, we have

+oo
‘L LRJ ([0:+a(v) V@) | fi — xe | dvdxdt

1 +00

:_—J J J (fe —xe +xe — xu)@sgn (fe — xe)dvdxdt (2.16)
€Jo JrRNIR,
1 +0oo oo 1

S_ij I ,[ |ﬁ—Xz|¢dvdxdt+J I ~|ue—€|pdxdt <0,
€Jo JRNIR, o Jrve

since |t — €| = | [, fe — xedvI.
The functions H(f.) = | f — xe| are the kinetic entropies. Notice that £ is any given
scalar (it may also be any function uniformly bounded in f and x).
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3. The approximate entropy solutions

In this section, we show that the Kruzkov method can be applied. Let (s, y) € (0, T) X RN
be the new variables, we then define Q = (0, T)? x RY x [R)I)I and ¢ = ¢(t,s,x, ).

ProrosITiON 3.1. Let u = u(s, y) be the unique entropy solution of (1.1)—(1.3), and f. €
L ([0, TI;LY(RN x R,)) the approximate kinetic solution given by (2.1). Then
- |, 160 - uts ) [ (@ +2)9) dQ
_ JQ sgn (s — 1) (A (e (6,5)) = Au(s,9))) (Ve + V) 9) dQ (3.1)

<], ), 120l lne ~ flavaQas | [ 19.p! 1 - i lavaQ

for any test function ¢ € D(Q).

Proof. Recall that £ € R can be chosen as any £ = £(s, y) for example, uniformly bounded
with respect to s and y. We write

_J J([af”(v)vxhp)Ixue—xeldde
JJ [0t +a()Vilo) () = 2| = | fe =X [)dvdQ (3.2)
JJ [0:+a(v)Vile) | fe —x. |dvdQ.

With the definition on the kinetic entropies and the following triangle inequality:

e = x| =1 fe=xo 1| < Ty = £ (3.3)

we obtain

-[,] (@ at9.de) - x ldvdQ = | | [13+at9.do] 1. - £l v

(3.4)
Using Remark 2.1, and the finite speed of propagation property (2.14), we deduce
[ e - es lagaa
- [ sen (- €) (A1) ~ 4(e(5, ) Vg0 (35)

<], J. 100l lxe = flavaQras | | 19.0] 15~ fildvae
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From another side, the exact entropy solution u(s, y) of (1.1)—(1.3) verifies for all £ =
2(t,x) € L*(R; x RY) that

- [ Jutsy) - et0) |20
Q
(3.6)
- JQ sgn (u(s, y) — €(t,x)) (A(u(s, y)) — A(€(t,x))) V,9dQ < 0.

If we replace €(s, y) by u(s, y) (the exact solution) in (3.5), and €(¢,x) by u.(,x) in (3.6),
then we sum up to obtain (3.1). O

3.1. The test functions. We define ¢ as follows:

N
05,53 = i (57 ) (e =9 [ 100 - ), (37)
i=1

where v, is the characteristic function defined by

— T 1
wo=r(5),  xw- L 6,(s) ds+L 6, (s — 1)ds, (3.8)

and where the function 8y, is the classical mollifier. For h > 0, we also have —h < () < h,
fflh On(s)ds = 1, Oy(s) = (1/h)0(s/h), where 0 is a regularized Dirac function of support
[-1,1]: f,ll 0(s)ds = 1. We have the following corollary.

CoRrOLLARY 3.2. Under the hypothesis of Proposition 3.1, the following entropy inequality
holds:

J (t+S N
|, Tt —uts ) |yl (55 )t =9 TT00tx — y)d@
. : =l (3.9)

<], J. 120 lxe = flavaQra | | 19.0] 15~ fildvaa

Proof. To get (3.9), it is convenient to choose ¢ as in (3.7) (see [15, 18]). With this, we
obtain
O0x¢+0dy9=0, fori=1,...,N,
N (3.10)
r(t+s
-+ =Lyl (5 Ont =9 [ 104G - ),

i=1

hence we have the left-hand side of (3.9). O

3.2. Bounds. Let us begin with some properties of the test function. For #, and # in

[0, T], we have
3]
II,

v (5 |oute—9deds <. (3.11)



A.Omrane 7

Indeed, note that

() - mln () e ()]

Moreover, we easily see that

H:l (”S)/Z >9h(t—s)dtds

h—
—2AtJ J By (7425 — 267) (v )drds—%, fori—0,1.
to—

In particular (3.11) holds, and we have the lemma.

(3.12)

(3.13)

LEmMMA 3.3. Suppose that f(0,x,v) € L'(R;BV(RY)), which is compactly supported in R,.
Let u(s, y) be the entropy solution of (1.1)—(1.3), and u,(t,x) the approximate solution given

by (2.3), then

- | 1utsn) - [ ) (57 8ute -9

1 Nae 1+as
<5+T+( )16/l |%|L1(D§)Sp||f‘_xuf

<

Proof. Using (3.11), we write

J, ). 12l 1fi=xe
<[ (1 f1as-mo) [ ffsi(59)] -

i=1

dvdQ

LY(RYXR,)*

(3.14)

+%wﬂ(t+s>9’< - )}dsdtj | fe = xu. |dvdx

(”S> ‘Hh(t—s)dsdt

mJJ o(5°)0 (5 e

1
Ll(u&yxuxv)[ZXl’Lh XhO lnw | vy e ]

< su e — Y. |dvdx
p [ [ 15— ldvax]s |

0<t<T/xJv

< sup || fe — xu.

0<t<T

(3.15)
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and
J, ) 175011 fi= x| dvae
N1 (3.16)
= [ﬁ + n ( lvy |L1([R§) 6 |L1(IR))] OsslllfTHﬂ = Xuel ILH(RY xR,)>
with the same arguments. O

We now control the term sup,_, .1 Il fe — xu. I (R xr,) at the right-hand side of (3.14).

ProrosiTiON 3.4. Consider the kinetic initial data f.(0,x,v) € LY(R,; BV(RN)) which is
compactly supported in R,. Then

||f:€(t)xa V) - Xue(t)x)(V)HLl([RNXIRV)

(3.17)
< 2eax||f:(0 x’V)”BV RN;L(R +2||fs(0 x,v) Xus(O,x)(V)||L1(anxu&v)>
for every t >0, where
(0,x+Ax,v) — £:(0,x,v)
||fs 0 > X5V ||BV RN;LI(R,)) — = sup |f:€ \Ax| fe | dxdv. (318)

|Ax|#0 X SV

Proof. Suppose that || f:(0,x,v)[lsv(ry;ri(r,)) Is uniformly bounded in &, then using the
contraction inequality (2.11), the corresponding solution f,(¢,x,v) satisfies that for every
0<t<T,

||f€(t’x’v)||BV([RN;L1(IRV)) = ||fs 0,x,v ||BV RN;LI(R,))* (3.19)

Moreover,

KXute(£:)(v) fgtxv)—e{atfg(txv )+a(v)- fog(txv}EL([R{Nx[R) (3.20)

that is for every t > 0 and every ¢ > 0,

(t,x,v) +a(v) Vi fe(t,x,v) (3.21)

0
||Xu£(t,x)(V) - -fg(t’x’v)HLl(lRleRv) <& af

LY(RVXR,)

It is important to notice that we do not necessarily recover the L' regularity of the term
df/ot since

dfe 1
S = e~ fel—a() - Vif, (3.22)
and not for a(v) - V f, either. The quantities |0 f./0t| and |9 f,/0x;| for 1 <i < N are only
measures that we can bound by the BV norm. Indeed, for ¢ € 9%, denote by || - || the
norm
dfe
[ fell g == sup JJ ai¢dvdz , (3.23)
vJz 02

llpll=1
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where z = t,x;, for i = 1,...,N. Then we can write

[(] s

Using this definition together with the finite speed of propagation property (2.14), we
obtain

| fell = sup <l fello ®,Bviey- (3.24)

llpll=1

| 1600V gt | < sl < sl £t o mviany (3.25)

By (3.22) and (3.24), we also deduce

JLL %o

< |[feOllsye = 1fe(0,,9)]] 11 R xR,;BV(0,T))

(3.26)
= a°°||f€(0’x’v)||L1(DRV;BV(DRN)) + e 000 (V) = ﬂ(())x’V)HLl'
That is for all T > 0 and every 0 < ¢ < T, we have
|| fe(t,x,v) _Xus(V)HLl(uwxuav) = 28300||fs(0’xa‘/)||Ll(u&V;Bv(u&N))
(3.27)
+|[fe(0,x,v) _Xus(O,x)(V)||L1(nw><Rv)- 0

Remark 3.5. Denote u.(0,x) = ue(x) := . Then, it is not restrictive to replace lim,_g
I £e(0,%,v) = Xuoo (W1 RYxR,) = 0 by £:(0,x,v) = yu,(v) in the above proposition. This is
useful for the applications.

We then have the proposition on the error bound.

PROPOSITION 3.6. Suppose that f(0,x,v) € L'(R;BV(RN)), which is compactly supported
in R, and that initially fe(0,x,v) = xu, (v). Let u(s, y) be the entropy solution of (1.1)—(1.3),
and u(t,x) the approximate solution given by (2.3). Then

t
—JQ|u(s,y)—u£(t,x)|[1//,7] ( +S)0h(t—s)dQ<M tteoll gy vy (3.28)
where
M = ac (h+2Naw +2(1+a:) 10 o) [ ¥ | 11sy)- (3.29)

Proof. 1f we take the simplified initial data form (Maxwellian data) of Remark 3.5, then
Proposition 3.4 gives

||f€(t)x) V) _Xug(t,x)(V)HLl([waRv) < Zsaw||fs(0,x, V)HL‘(IRV;BV(IRN))' (330)
Moreover, noticing that
||f€(0’xiv)||L‘([R‘.;BV([RN)) = ||u€(0’x)||BV(IRN) = ||u£0(x)||BV([RN)’ (3.31)

we immediately deduce the result from Lemma 3.3. O
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4. Generalization to the Kuznetsov technique
In this section, we will estimate the difference
(b, ) = e (t1, )y = [18(t0, ) = tte (0, ) [ 3 vy (4.1)

where ty and t, are in [0,T], T > 0. The techniques we will use are not new (see, e.g.,
Bouchut and Perthame [3]), and are known as the Kuznetsov techniques (see Kuznetsov
[11], and Kuznetsov and Volshin [12]). The new thing here is the generalization of these
techniques to the kinetic approach of Perthame and Tadmor, as the approximate solution
is obtained from the kinetic model. We prepare by the lemma.

LemMa 4.1. Suppose that f.(0,x,v) € L'(R; BV(RYN)) is compactly supported in v, and that
Ugo(x) = ug(x). Then

||u(t")||BV([RN) = ||u0||BV([RN)’ [[ue(t, ')||BV([RN) = ||u0||BV([RN)’ (4.2)

for every t € [0, T]. Moreover, u and u, belong to the BV([0,T]; LY(RN)) for every T > 0.

Proof. The proof is classical and relies on the translation property in x and the contrac-
tion (2.11). O

ProrosITION 4.2. Suppose that the hypothesis of Proposition 3.6 is satisfied. Then
-, T = (e [ L] (57 )t -1
= {|u(tr,x) — e (01,%) [ 12 vy — |1t %) = 1te (t0,%) [ 11 g (4.3)
= (4ol ey + 2o llpyian) )

Proof. We split the integral I using (3.12) into I = Iy + I, relatively to t, and t;, where

—JQ |u(s,y)—u8(t,x)|$6n<%> (t—s) 1_[9;1 - y:1)dQ,

N (4.4)
=+ JQ lu(s, y) — ue(£,%) | i@n <(t+S)A#) On(t—s) 11] On(x; — y:)dQ.
For t = t, we use the triangle inequality
lu(s,y) — ue(t,x)| < |uls,y) —u(to,y) | + | u(to, y) — u(to,x) |
+ |u(to,x) — e (to,x) | + | ue (to,x) — ue(t,x) |, 3
which also may be written as
—lu(to,x) — ue(to,x) | < |uls,y) —ulto,y) | + | u(to,y) — u(to,x) |
(4.6)

+ e (to,x) — ue(t,x) | = |u(s,y) — ue(t,x)|.
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We then integrate as follows:

t+5)/2—to al
—JQ|u(to, ¢(to,x) | 6, (T)eh(t—S)Eeh(xi_)’i)dQ

t+s)/2—t N
SJ Iu(s,y)—u(to,y)qu((s)AO>0h(t—s)ﬂ9h(x
Q t i-1
J| u(to,y) — u(tox) |, (%) t—s)ﬂ@h ) dxdydtds

N
+ JQ | ue (to,%) — ue(t,) | 6, <(t+s)A/t2_t0)9h(t—s)ﬂ9h(x,- —y1)dQ

N
—kIM&W—%UJH%(Qi%§1L> e[ Jnt

=J+K+L+1,.

(4.7)
At the left-hand side, we have
(t+5)/2 N
A R e v LX) § CAUEPALE
—[ It~ tox ﬂﬂwM%jj(””zﬂwwwo

_ 1

= —§||”(to, ) _ue(tO)')”Ll([RQ’)'
(4.8)

At the right-hand side, we have the following:

h t+5)/2—t
J=1- Jt [|u(s,-) — u(to, ')||L1(DK3’)7)911<(S)A—tO)9h(t_S)dsdt

h t+38)/2 —t
sﬂt |t()—S|||u(f")||BV([R+;L1([R91))611<(S)A—t0)0h(t—S)dsdt, s<&<t,

< hluo () gy o o) H <%>0h(t—s)dsdt

= E””OHBV(R[;LI(RN))’
(4.9)
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using Lemma 4.1. We also have

KSLL|u(t0,y)fu(t0,y+z)| L (zi dzdyJ] <(t+5 )Oh(tfs)dtds

J |u(to, y) to,y+z J Jﬂehz dzx_
h
= EH”(')”BV([RN) = EHMOHBV(RN)
(4.10)
using the change of variables
Xi— yi =z — dx; = dz;. (4.11)

Finally,
L6 < 1- h[uE, ||BV(R+L1RA))JJ <(”5 BB gy sydsdr, 1y <E <,

. EH”SHBV(Rt;Ll(RN)) = 5||u80||BV(R,;L1(RN))'
(4.12)

Hence
1 h
_§||u(l‘o, ) - us(t()’ . ) ||L|(|RN) < h||u0||BV([K;L1(IRN)) + EHMOHBV(RN) + Io. (413)
For t = t;, we consider the following triangle inequality:

|u(t,x) — ue(t1,x) | < |u(t,x) —u(t,y) |+ |u(ti,y) —uls,y) | + |uls,y) — u:(t,x)].

(4.14)
With the same techniques, we obtain
(t+5)/2 -1 N
o | u(t1,x) — e (t1,x) |9'7 A 9h(l‘—5)H9h(Xi - y1)dQ
=1 (4.15)
1
= §||u(t1,x) = e (t1,5) || vy < il |00 ||y gy (mvy) + E”uOHBV([RN) +1h.
We sum up by
[u(t,x) = ue(01,2) | 13 vy — |[1(t0, %) — wte (£0,2) || 11 )
(4.16)

< 4 |uo|lpy (g, mry) + 2P0y ) +2(To + ).
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THEOREM 4.3. Suppose that initially f.(0,x,v) € L'(R,;BV(RN)), which is compactly sup-
ported in v, and that f:(0,x,v) = fo(x,v) = Yu,x)(V). Let u(s, y) be the entropy solution of
(1.1)—(1.3), and u(t,x) the approximate solution given by (2.3). Then for any T >0, and
to, ty in [0, T, the following L. error bound

Hu(tly') - Ms(tIJ .)||L1(RN) < ||M(t(),-) — uE(tO")||L1(RN) +C\/E (417)

holds true, with C being a positive constant independent on e.

Proof. From Proposition 3.6, we have
Iy+h=I<M7 ||u0||13v RY)? (4.18)
where M is given by (3.29). Hence

ults, ) = ue (tr, )| gy = (b, -) = e (b0, )| 1 gy

. (4.19)
< (4l lvimszr ey + 2ol sy )+ My ool ey
The optimal choice of i is h = \/e. Then
€
<4| |ttollpy(girr vy + 2| |u0||BV([RN))h T Mﬁ [luollpy(gy) = Ce (4.20)

where

C= {2+aw(\/5+2Nam +2(1+a) 10 10w | vy |L1(R)>}||u0||BV(ﬂR;§’) +4|[uol |y @y (&))-

(4.21)
O

Remark 4.4. Notice that the error is global in time, and optimal in the sense that we
cannot have more than ./, since we use the Kuznetsov techniques.

5. The parabolic case

In this short section, we discuss the kinetic approach for the following parabolic case:
Jiu+dive A(u) = Au, (5.1)

where A = 3N | is the Laplacian operator. The corresponding kinetic model is

N 1 N
[at + Zai(v)axi]_fs = X — fe] + Zaxgﬂ, (5.2)
i=1 i=1

which reads as

[8t+2a, V)0x; — Za} )(ué fl. (5.3)
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multiply by sgn( f. — y¢) and integrate over v, we then easily obtain in the weak sense

that

N N 1
j[at+zai(v)ax,.—Zaxiz]|fs—xg|dv_—EU |f£—X€|_|u£_g|]§Q (5.4)
v i=1 i=1 v

We consider here | f, — y¢| as the “kinetic entropies” for (5.2) in the sense that

We

N N
_ JQJ (|:8;+ > a;(v)oy, — Zaxiz:|g0) | fe—xeldvdQ <. (5.5)
! i=1 i=1

do the same analysis as in Sections 3 and 4. The error found is the same. Notice the

following remainder:

N N
: (eznax,o -ﬁnp) (Z 0 uw)
i=1 i=1

= (sNHaxingHL“’) (”gD”LI([R;Wl,I([RN)))’

N
e, ] 2ol -l ontpavaa »

where x;,, iy € 1,...,N, is the space variable so that [dx; f| < [0x;, f 1.

Remark 5.1. Tt would be interesting to study the kinetic approach to the case of parabolic-
hyperbolic problems in the sense of Chen and Karlsen in [7] and Chen and Perthame

in [

8].
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