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A METHOD FOR DETECTING POLLUTION IN DISSIPATIVE SYSTEMS WITH
INCOMPLETE DATA.

Y. MiLoupt!, O. NAKOULIMA? AND A. OMRANE?

Abstract. Modelling environmental problems leads to mathematical systems with missing data. For
instance, weather problems have generally missing initial conditions. The paper is concerned with
identifying pollution terms arising in the state equation of some dissipative system with incomplete
initial condition.

To this aim the so-called sentinel method is used. Here, the problem of determining a sentinel is
equivalent to a null-controllability problem for which Carleman inequalities are revisited.

Résumé. La modélisation des problémes environmentaux conduit & des systémes mathématiques &
données manquantes. C’est le cas par exemple des problemes de météorologie ou I’on ne connait jamais
la donnée initiale. Nous sommes concernés dans cet article, par I'identification des termes de pollution
présents dans I’équation d’état d’un systeme dissipatif a donnée initiale incompléte.

Dans ce but, la méthode des sentinelles de Lions est utilisée. Ici, le probleme de détermination d’une
sentinelle est équivalent & un probleme de controlabilité a zéro pour lequel on donne des estimations
de type Carleman.

INTRODUCTION

Let be T > 0, and © an open subset of R? of smooth boundary 99, and denote by Q = Qx]0,T] the
space-time cylinder. We are intersted with systems partially known; we consider here the state equation

Yy —Ay+fly) = €+X  in Q,

y(0) = ¢’ +79° n Q,

Y = 0 on Xq, (1)
% =0 on 227

v

where y = y(z,t; A\, 7), and where ¥, is a piece of the boundary ¥ = 90x]0,T] and X5 = ¥\X;. We assume
here that f : R — R is of class C!, the functions ¢ and y° are known with £ € L?(Q) and y° € L?(Q). But,
the terms : /\é (so-called pollution term) and 79° (so-called perturbation term) are unknown, f and §° are
renormalized and represent the size of pollution and perturbation

||£||L2(Q) <1, [1§°z2@) <1, so that the reals A,7 are small enough.
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Some non empty open subset O C 2, is called observatory set. The observation is y on O, for the time T. We
denote by y.ps this observation

Yobs = Mo € L*(0 x (0,T)). (2)

We suppose that (1) has a unique solution denoted by y(A,7) := y(z,¢ A, 7) in some relevant space. The
question is

how to calculate the pollution term )\f in
the state equation, independently from the (3)
variation 74° around the initial data ?

Least squares. Question (3) is natural and leds to some developments; some answer is given by the least
squares method. The method consists in considering the unknowns {)\é, 79°} = {v,w} as control variables,
then the state y(x,¢;v,w) has to be driven as close as possible to m,,.

This comes to some optimal control problem. By this way we look for the pair (v, w), there is then no real
possibility to find v or w independently.

Sentinels. The sentinel method of Lions [12] is a particular least squares method which is adapted to the
identification of parameters in ecosystems with incomplete data; many models can be found in litterature. The
sentinel concept relies on the following three objects : some state equation (for instance (1)), some observation
function (2), and some control function w to be determined.

Many papers use the definition of Lions in the theoretical aspect (see for example Bodart [1], Bodart-Fabre [3]
[4]), as well as in the numerical one (see Bodart-Demeestere [2], Demeestere [6] and Kernevez [9]).

We now consider the sentinel method of Lions which is an other attempt and brings better answer to question
(3), as we will explain now :
Let hg be some function in L?(O x (0,T)). Let on the other hand w be some open and non empty subset of Q2.
For a control function w € L?(w x (0,7)), we define the functional

S(A,T) z/OT/Ohoy()\,T) dxdt—&—/OT/wwy(/\,T) dxdt. (4)

We say that S defines a sentinel for the problem (1) if there exists w such that S is insensitive (at first order)
with respect the to missing terms 79°, which means

2 0.0 =0 )

for any ¢ where here (0, 0) corresponds to A = 7 = 0, and if w minimizes the norm VIl 22 (wx (0,7))-

Remark. The Lions sentinels S assume w = O. In this case, the observation and the control share the
same support, and the solution w = —hg is trivial.

The definition (4) extends the one by Lions to the case where the observation and the control have different
supports. This point of view (where w # O) has been considered for the first time by Nakoulima in [15]. Here
we avoid the trivial solution.

Informations given by the sentinel. Because of (5) we can write

S(A, 1) ~ 5(0,0) + Ag—i(0,0), for A,7 small
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In (4), S(\,7) is observed and using (2),
S(A,T) = / (hoxo + Wxw)m, dzdt
Q

so that (5) becomes

oS
225 0,0) ~ / (hoxo + wxw)(mo — yo) dadt, (6)
B3 o
with
oS
—(0,0) = / (hoxo + Wxw)ya dxdt,
A o

where here xo and x,, denote the characteristic functions of O and w respectively.
The derivative yy = (9y/0A) (0,0) only depends on ¢ and other known data. Consequently, the estimates (6)
contains the informations on A (see for details remark 1.1 below).

1. EQUIVALENT CONTROLLABILITY PROBLEM

We shall show in this section that the existence of a sentinel comes to null controllability property. We begin
by transforming the insensibility condition (5).

Set
d
= 5 /\7
yr = YA 7) -
Then the function gy, is solution of
yr — Ayr + f'(yo)y- = 0 in Q,
yT(O) = ,gO in  Q,
Yr = 0 on ¥, (7)
Oy,
% = 0 on 22,

where yo = y(0,0). Problem (7) is linear and has a unique solution y, under mild assumptions on f.

The insensibility condition (5) holds if and only if
/ (hoxo +wa> Y dzdt = 0. ®)
Q

We can transform (8) by introducing the classical adjoint state. More precisely, we define the function ¢ = ¢(z, t)
as the solution of the backward problem :

—¢ — Aq+ f'(yo)q hoxo +wx, in @,

q(T) =0 in

q =0 on ¥, 9)
d

8—5 - 0 on %

As for the problem (7), the problem (9) has a unique solution ¢ (under mild assumptions on f’(yp)). The
function ¢ depends on the control w that we shall determine :
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Indeed, if we multiply the first equation in (9) by y,, and we integrate by parts over @, we obtain
/ (hoxo +WXw) Y- dadt = / 9(0)9°dz ¥§°,  [3°l|2() < 1.
Q Q

So, the condition (5) (or (8)) is equivalent to
q(0) = 0. (10)

This is a null-controllability problem.

Remark 1.1. The knowledge of the optimal control w provides informations about the pollution term /\é.
Indeed, denote by
0

L=2 A4 Pl (1)
and let y) = g—g(o, 0) be the solution of
Ly, = ¢ in Q
n0) = 0 i Q
(’3/)\ = 0 on X, (12)
% 0 on .

Integrating by parts, we then obtain

/ yr L*q dodt = / ¢€ dzdt
Q Q

0
L= =g = A o) Lo (13)

with

So that from (9) and (6) we deduce
/ /\gda:dt = / (hoxo +wxw)(me — yo) dadt.
Q Q

2. EXISTENCE OF A SENTINEL

We begin with some observability inequality, which will be proved in detail in the last section. Denote by

o0 () . — @ — @ —
V= {'UGC (Q) such that : v, = 3t‘2 =0and 8u’ —O}. (14)

o
Then we have :

Theorem 2.1. Let be u € V, then there exists a positive constant C = C(Q,w, O, T, f'(y,)) such that

T
/ig|u\2dxdtgc[/ |Lu\2dxdt+//|u\2dxdt], (15)
QG Q 0 Jw

1
where 6 € C%(Q) positive with 7 bounded.
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According to the RHS of (15), we consider the space V endowed with the bilinear form af(.,.) defined by :

T
a(u,v) = /LuLvdxdt+/ /uv dxdt. (16)
Q 0 Jw

Let V' be the completion of V with respect to the norm
v ”UHV = a(v,v), (17)

then, V' is a Hilbert space for the scalar product a(v,0) and the associated norm.

Remark 2.2. We can precise the structure of the elements of V. Indeed, let Hg(Q) be the weigthed Hilbert
space defined by

1
Hy(Q) = {v € L*(Q) such that : /Q 7 [ dadt < oo},

endowed with the natural norm ||v||, = (fQ 7 |v|? dadt)z. This shows that V is imbedded continuously lvll, <
Cllolly -

Now if hg € L?(Q) and 0hg € L*(Q) (ie. : ho € L(Q)), then from (15) and the Cauchy-Schwartz inequality,
we deduce that the linear form defined on V' by

v |—>/ hoxo v dxdt
Q

is continuous. Therefore, from the Lax-Milgram theorem there exits a unique u in V' solution of the variational
equation :

a(u,v) = / hoxo v dzdt Vv e V. (18)
Q

Theorem 2.3. Assume that hg € L2(Q), and let u be the unique solution of (18). We set
W= —UXe (19)
and
q = Lu. (20)

Then, the pair (w,q) is such that (9)-(10) hold (i.e there is some insensitive sentinel defined by (4)-(5)).

3. PROOF OF THEOREM 2.1

The proof for the observability inequality in theorem 2.1 will hold from Carleman estimates that we carefully
show in the following results.

Lemma 3.1. Let be wy an open set such that Wo C w. Then there is 1 € C*(Q) such that

Y(x) > 0 Vzel,
Y(x) = 0 Vzel,
[Vi(x)] # 0 Vae—uw.
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Proof. See Imanuvilov [8]
We now use a function ¥ as given by the previous lemma, to define convenient weight functions. For A > 0,
we set

e () 01
(p(‘r7t) - t(T—t), ( )
and
2 Yloe — oMY ()
_ 22
nwt) = (22
Then
Vo =ApVY, Vn=—-pV. (23)
We also notice the following properties :
dp 2 P 2 3
- —Z\|<T 24
5| sre |G| <7 (21)
on 2 & 2 3
—|<T — | < T ", 25
‘ 5| ST9 g |sTe (25)

Remark 3.2. Note that 7 increases to 400 when ¢t — T or ¢t — 0, but 7 is uniformly bounded on Q x [0, T — d]
for any § > 0.
On the other hand, for fixed s > 0 the function e~*"(®%) goes to 0 when t — T or t — 0.

The following theorem states the Carleman inequalities concerning (14) :
Proposition 3.3. There exist constants sg > 0, A\g > 0 and C > 0 depending on Q, w, ¥, and T, such that for
all s > sp, A > No, and for any function uw € V given by (14), we have

253)\4/ p3e 2 |u\2dzdt+4s2/\/ @@5‘7@0672”'“'2 drydt
b

Q , Ot Ov
—483)\3 / @3|V¢|28—w6_28"\u|2 drydt — 4s*\3 / <,02|Vw|28—we_25"|u|2 drydt
pIPY 87/ 3o 81/
aw —2577 8u _257] 871/
2sA ., ©5, ¢ 5 wdydt — 4sA Ve Vu ey drydt (26)

P
—|—2$/\/ ¢%6728”|VU|2 drydt
b ov

o 2 T o
d:cdt+s3)\4/ / ©3e 2 |y dmdt).
0 Jw

— — Au

Proof. 'We use the method by Fursikov and Imanuvilov [7], Imanuvilov [8], Lebeau and Robbiano [10], and
Puel [16] [17] (case X2 = () and ¥, = X).
For s > s and A > Ao, we define

w(x,t) = e 1@y (1) (27)
We easily notice that
w(z,0) =w(z,T) =0. (28)
Calculating g = (9; — A)(e*w), with notation (27), we get

Piw + Pow = gs, (29)
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where
ow 9 9

Pw = e + 25X Vip Vw 4 25X p| V| “w, (30)
Pow = —Aw—s?X2Q*|Vy|?w + s%w, (31)
gs = e g+ s\2p|VY|Pw — shp AYw. (32)

Taking the L? norm we get :
/ |Prw|? dadt +/ | Pyw|? dadt + 2/ PrwPyw dxdt = / |gs|” dazdt. (33)

Q Q Q Q

We shall now calculate / PiwPowdzdt. This will give 9 terms Iy, ;.
Q

In order to organize our calculus, we denote by A and B the quantities such that A contains all the terms
which can be upper bounded by

c(sA+ %) / o |Vw|? dedt,
Q
and by B all those which can be bounded by

e (s°At + s°2%) / ©* |w|? dadt.
Q
We denote by v the outer normal on I'. Note down that ¢ cancels on I'. We then have the following results :

—/ a—wAwdmdt
o Ot

Jw dw

Iiq

Lo = —s°)\? 8—w<p2|vw\2wdxdt=B, (35)
o Ot

Oow On s on 9

- 7 — — L 2
3 = s L ot atwdwdt 2 ), ot on (Jw]?) dadt

~
i
w

|

s n,

And

I, = fQSA/chz/JVwAwdxdt
Q

—2s) / V.02 dydt + 250 / 0| V. Vw|? dedt
) ov Q

+s>\/ @ai/’\vu;\? dfydt—sAz/ ©| V|| Vw|? dedt + A,
by} 81/ Q
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Is o

Is3

Finally :

ESAIM: PROCEEDINGS
—233)\3/ O | VY|PV Vw.w = —33A3/ PP IVYPVYPV |w|?
Q Q
)
=N [ G0 Sl 383 [ 19wl + B,
by v Q

252)\/ Vi Vw @w dzdt
o ot

O Y
2 2
s )\/Egoat 5 wl|* dzdt + B.

—25)\? / | V|2 Aw.w dedt
Q

725)\2/ w\V¢|Qg—w.w+2sA2/ SIVE2Vul? + A+ B,
b)) v Q

—253)\4/ O |V w|? dadt,
Q

252 \? ¢@|Vw\2|w|2dxdt:B.
o Ot

Summing all the terms, it follows :

2/ PiwPyw dzdt = A+B+2s>\2/ |V 2| Vw|* drdt
Q Q

+233)\4/ 3|V lw]? dxdt+4s)\2/ ©| V. Vw|? dadt

—o [ Z2TT gydt — 4sh / oV VLl dydt
>

> ot Ov ov
N 2 94333 3 200, o
+2s\ [ p=—|Vw|* dvydt — 2s° A 0’| V| |w|* dydt
b3 ov > 881/

On 0y 2 0w
252) [ 210 1P ddt — 4 2/ O v dvt.
+2s )\/Zgoat £y wl]® dydt — 4sA Z(,0|V1/)| £y w drydt

But |V| # 0 on 2 — wy, hence there is 6 > 0 such that

On the other hand

[V > on Q— wo.

/|gs\2dxdt§/e_25" \g|? dxdt + B,
Q Q

(37)

(38)

(43)
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so that

/|P1w\2dxdt—|—/ |P2w|2dxdt+2/P1wP2wdmdt
Q Q Q

< / e~ |g|? dedt + B.
Q
Consequently :

/|P1w|2dxdt+/ |P2w|2dxdt+25)\252/<p|Vw|2dxdt
Q
+253)\464/ 8 w|? dadt — /a—wa—wd dt74s)\/<pV@b.ng—wd'ydt
14
+25/\/<p—|Vw|2dfydt 253)\3/¢3|V¢\22—1ﬁ\w|2d’ydt
b))
+2s 2/\/ \w|2d dt — 45)\2/ gp\wﬁa—w wdydt + A+ B
8t 8 » 31/ '

T
§/e*287’ |g|2dxdt+B+2$/\252// <p|Vw\2dxdt+253/\454/ / ©* |w|? dadt.
Q 0 Jwo 0 wo

We can eliminate A and B by choosing s and A large enough. And we observe that :

T
/ / ©b? |Vw|? dzdt
0 w

T T
<C </ ¢P2w92wdxdt+/ / 076> |Vw]| prwdzdt + 82)\2/ / <p3w2dacdt> ,
Q 0 w 0 w

for § € D(w) such that 0 <0 <1 and f(x) =1 on wy gives

T T
23)\252/ / ¢ |Vw|? dedt < = / /|P2w| dmdt+cs3)\4/ /903 lw|? dadt,
0 wo w

Now, we should write the inequality below in terms of the solution wu, since

|w|? = e™25|u|?.

75
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So,

1 1
,/ |P1w|2dmdt+f/ | Pyw|? dadt
2 Jq 2 Jq
—1—25)\2/ <p|Vw|2dxdt+253)\4/ e |u|? dadt
Q Q

on o 0
+282)\/2<p8—7t78—1ﬁe_28"|u\2d7dt—283)\3/2@3\Vz/)|28—11/je_23"|u|2d'ydt

o

b 8t 81/
+2s)\/ gaa—w|Vw|2dfydt—45)\2/ <p|V¢|28—w.wd’ydt
5 Ov 5 v

T
<C (/ e~ 2 |g|? dadt + 53)\4/ / ©Pe 2 |u)? dxdt) .
Q 0 w

Vu = e*" (Vw — shpVyw),

dw

-2 ov

drydt — 45)\/ eVi.Vw drydt
b

Now from

we deduce
/we”"WuIdeth(/ so\Vw\dest?A?/ $® IwIdedt)~
Q Q Q

We then use the explicit form of Pyw and Pow, and get

1 1|owl|’ —2sm| 2 344 ’ 30,12
| —|—=| dedt < C e~ M| g|*dxdt + s° X o |w|*dxdt |,
S Q @ 315 Q 0 w

11 T
f/ = Aw|® dzdt < C / e 25 g|? dxdt + 53)\4/ / O lw|dxdt | .
SJQ ¥ Q 0 w

We sum up to finally have

and

o 0y
ot Ov

0 0
—433)\3/Eg03|vw|28—156_28"\u|2 d’ydt—452)\3/2¢2|V¢\Qa—qﬁe_25"|u\2d7dt

—I—/ gZS?;Z — 4sX\2p|Vy|? — 482A2¢2|Vw2) e_QSW%u
b
—25/\/ @—we_%”%udvdt—és)\/ gpvwe_%"Vu@dfydt
b 6V 61?1‘: b3 a gl/
IV _—2sn 2 _ —2sy U OU
+25)\/E<paye |Vu|® dydt 2/26 5t 90 drydt

T
<C (/ e~ 25m |g|2dacdt+s3)\4/ / e 25m |u|2dxdt> .
Q 0 Jw

253)\4/ OPe 2 || dedt + 452/\/ ® e 25 |u|? drydt
b

=0, and @

. Y 0, we obtain (26).

0
Using the fact that u = au
Y2

ot
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Now we proceed as the following. We define

N =M (@)
t) = —
1) HT —t)’

and
2Vl _ o= (2)

HT —t)

iz, t) =

Then
Vo =-AoVip, Vij=ApVi;
we still have the properties (24) and (25).

For s > sp and A > \g, we define ~
W (z,t) = e 1@y (2,1).
We easily notice that
W (x,0) =w (x,T) = 0.
Calculating P = e~ = ¢~ 57 [(8; — A)(e*w)], using notation (48), we set

P00+ Pyo = g,
where this time
Po = %—w—%wquumsv 2|V | 2w,
P = —AD—s\2p |V¢|2w+s%@
Gs = e g+ sA2Q|VY|PW + sAG Ay @

We easily deduce the following result :

7

Proposition 3.4. There exists s > 0, A\g > 0 and C a positive constant depending on 2, w, ¥, and T, such

that for all s > sg, A > Ao, and for any fuction u of (14), we have

233)\4/ @36725ﬁ|u\2dxdt—452)\/ gp%g—d}e 2|2 drydt

Q

. 0 = . 0

s [ ¢3|w|2£e*2m7\u|2dydt+452x3/ PV Sl e T
22 E2

+25)\/ goaw ~27 U d’ydt+45)\/ @Vﬂ)e*szU@
s, Ov ot v

—25\ / 52¥ e~ 25N\ Vu)? drydt
< C(/e—zsﬁ @_
Q

o dxdt+s3)\4 / / _2‘”’|u2dxdt>.

Proof. The proof is similar to the one of Proposition 3.3, so we let it to the reader.

drydt

drydt

Au

Finally, we give below the conclusion to theorem 2.1.

(54)
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We obtain from Proposition 3.3 and Proposition 3.4 the following observability inequality :
Corollary 3.5. There is a positive constant C = C(Q,w, v, T) such that we have

2 T
1 lul? dadt < C Ou _ Au| dxdt + |u|® dzdt |, (55)
02 ot
Q Q 0 Jw
3

1 ~ 5. . .
where 2=y e 4 33e™2M s a bounded weight function.

Proof. Summing the terms in (26) and (54) we get the following :
253)\4/ (@3672877 + {53672577> |u|® dadt

Q
on _ O o7\ OV
A2 2sn _ 2sm 2
4s )\/22 (apate P ) —ay|u\ drydt

e = e T) [Ty O dy
—2s =2 =257 9
Qe > — Gle 2‘") V[ a% |ul? drydt

_ ~ o=\ OV Ou
2sm 2sm\ T
+2sA /22 ((pe e ) % o

—4s)\ (@672577 — @edsﬁ) ViyVu ? drydt
» 14

u dydt

+2sA (@672577 — @672877) a—w|Vu|2 drydt
> ov

< C[/Q (6_23" + 6_28ﬁ) ‘?;Z — Au
T
—|—s3)\4/ / (@3672577 + @367257]) |ul? dxdt].
0 Jw

Now, it suffices to notice that ¢ = ¢ and n =71 on X.

2
dzdt
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