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Abstract

In a recent paper, we gave a topological description of Colombeau type algebras
introducing algebras of sequences with exponential weights. Embeddings of Schwartz
spaces into the Colombeau algebra G are well known, but for ultradistribution and
periodic hyperfunction type spaces we give new constructions. We show that the
multiplication of regular enough functions (smooth, ultradifferentiable or quasiana-
lytic), embedded into corresponding algebras, is the ordinary multiplication.

MSC: 46A45 (sequence spaces), 46F30 (generalized functions for nonlinear analysis);
secondary: 46E10, 46A13, 46A50, 46E35, 46F05.

1. Introduction

Differential algebras of generalized functions containing embedded distributions
are a convenient framework for the analysis of problems with singular coefficients
and/or singular data, especially for non linear problems, since multiplication and
other non linear operations are in general not defined in classical generalized function
spaces. Nowadays, there is a considerable literature concerning such algebras. (For
example see [1, 2, 3, 7, 12, 15, 5, 6] and the references therein.)

We have proved in [4] that these algebras, here referred to as Colombeau type
algebras, can be reconsidered as a class of sequence spaces algebras, and we gave a
purely topological description of them.

In analogy to embeddings of Schwarz’ distributions, we show in this paper that

1 corresponding author:
Univ. Antilles—-Guyane, D.S.I., B.P. 7209, 97275 Schoelcher cedex (Martinique, F.W.I1.)
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some classes of ultradistributions and periodic hyperfunctions can be embedded into
well chosen sequence algebras. Moreover, we show that the product of enough regular
elements, ultradifferentiable functions or quasianalytic periodic functions of appro-
priate classes, is the ordinary multiplication.

The problem of embedding of classical spaces into corresponding sequence spaces
algebra is closely related to the choice of sequences of mollifiers, sequences of appro-
priately smooth functions converging to the delta distribution. While such a prob-
lem is easy for embedding of Schwartz distributions defined on an open subset of
R™, it is essential for ultradifferentiable functions and ultradistributions, considered
in section 3. The same holds for periodic quasianalytic functions and corresponding
periodic hyperfunctions of section 4.

Colombeau ultradistributions corresponding to a general non-quasianalytic se-
quence were introduced and analyzed in [14]. Although we consider here the Gevrey
sequence (p!™) , m > 1, we give sharper estimates and improve results of [14]: The
construction of appropriate mollifiers enables us to give more precise results con-
cerning embeddings. Colombeau periodic hyperfunctions introduced in this paper
are more closely related to the global theory of generalized functions than those
of [16]. In this sense, we improve results of [16].

The novelty of results related to both cited papers and the embedding of both
classes of algebras into corresponding sequence space algebras, and so their topolog-
ical description, are the main results of this paper.

2. General construction [4]

We use the standard notations N = {0,1,...}, N* = {1,2,... } and R, = [0, +00).
We recall [4] that the algebra of Colombeau complex numbers is given by

C=&/Ny = {z eCY :limsup |z, |77 < oo}/{z € CV :limsup |z,|"s" =0} .

The passage from this description to Colombeau’s original construction is given by
the following chain of equivalences, for a complex sequence (z,,),, € CcN:

L/lgn « oo «= 3C € Ry : limsup |z, |/ '°¢" = C

<= 3B >0, 3ng,¥n >ng : |z,| < B8 =nleB
< Iy eR: |z, =o0(n").

lim sup |z,,|

On the other hand, limsup |z,,|'/'°¢™ = 0 (for the ideal) corresponds to taking C' = 0
and thus VB > 0 resp. Vv € R in the last lines.

Let us also recall our construction from [4] for the case of E = C, 7, =n~/™ n €
N*, where m > 0 is fixed. Let

* . —1/m
&' = {c = (cn), € cN | I c||||4|7n71/m = limsup |c,|" Y oo} ,
n—oo

Nyt ={e= (), €C7 [ lleljnrm =0} .

The factor algebra C" = &£*/Ng*, m > 0, is called the ring of Colombeau ultra-
complex numbers for m > 1 and the ring of Colombeau hypercomplex numbers for
m <1.

Now we come to the general construction. Let (E¥, p#) be a family of semi-

v EN*
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normed algebras over R or C such that
Vu,v € N*: Bt EY and BN, < EY (resp. E¥ — EL., ),

where < means continuously embedded (i.e., for the v index we consider inclu-

sions in the two directions). Then let f = proj lim proj lim E¥ = projlim E}, (resp.
p—oo | v—0o v-r00

ﬁ: proj lim ind lim E*). Such projective and inductive limits are usually considered
=00 V—r00

with norms instead of seminorms, and with the additional assumption that in the
projective case sequences are reduced, while in the inductive case for every p € N*

the inductive limit is regular, i.e. a set A C indlimE¥ is bounded iff it is contained
v—00

in some E* and bounded there.

Consider a positive sequence r = (r,,), € (R,)Y" decreasing to zero and define
(with p = (pﬁ)y#):

1f Iyt = limsuppi (£ (for fe (B ),
For= {1 €EY |VuweN 1| s, <00} .
Kpr ={r B [Vuv eN 1Sl =0}
(resp. For= () Fos Fro= U {7 @ [ s <00},

HEN* vEN*
Koo = Ko, K= U {re@)™ [170her =0} ).
HEN* veEN*

Recall [4]:

Writing < for both, <~ or =", we have that ?W« is an algebra and ?p,r is an ideal
Apd
of ?p,r; thus, g P — ?p,r/?p,r is an algebra.

For every i, v € N*, dys : (E)" x (E)" — Ry defined by dys (f,9) = | f = gl
is an ultrapseudometric on (E#)" . Moreover, (dpe ), induces a topological algebra!

structure on ?pw such that the intersection of the neighborhoods of zero equals ;Epyr.

From the properties above, the factor space ﬁw = J%pyr / Ep,r is a topological algebra
over generalized numbers C, = G|, (constructed with the sequence r = (r,) as
above for the Colombeau ultracomplex numbers). The topology of ffp,r is defined by
the family of ultrametrics (d,),., where d,u ([f],g]) = dye (f,9), [f] standing for the
class of f.

If 7, denotes the inductive limit topology on F¥ = UVGN*((ENﬁ)N*,dM,Z,), u e N¥,

then J?p,r is a topological algebra! for the projective limit topology of the family
(]:15,7“77-#)”'

REMARK 1. The two multiplicative sets H = [0,1] and I = [0,1) verify the rela-
tions H-H=H, I-H =1, I-1 =1, just like the sets [0,00) and {0 }. Thus, similar
constructions can also be made with || - || <1 and || - || < 1 instead of || - || < oo and
I - |l = 0. This is used in the setting of infra-exponential algebras and also appears
in the context of periodic hyperfunctions.

b over ((CN*7 I - Ilj-j,~); not over C: scalar multiplication is not continuous.



700 A. DELCROIX, M. HASLER, S. PiLIPOVIC, V. VALMORIN
3. Colombeau ultradistributions of Gevrey class

3-1. Ultradistributions of Gevrey class

We refer to [9] for definitions of the spaces £(™), D™ glm} Dim} (;m > 1), and
their duals, Beurling and Roumieu type ultradistribution spaces. Here we construct
Colombeau ultradistribution algebras corresponding to M, = p!™, m > 1. We apply
the construction of section 2.

For the function space E = C*(R®), we define for all u,v € R, and m > 1 the
seminorms

Lol
pH(f) = sup  —m

|| <p,€Ns O
Then let, for p,v € N*, El} = E mu (resp. Eff = E mr) be the subset of E on
which the given seminorm is finite. For the first case, we clearly have E#T! — E#,
E!. | — E¥ and for the second case, we have E4t! — BV EY — E! , for any
pveN. Letm>1m >0and r, =n"1/™.

[f (@) and g =piyl

DEFINITION 3-1. The sets of exponentially growth order ultradistribution nets and
null nets of Beurling type are defined, respectively, by

’ ’
1 pim 1™ pim
g@mp™) %pm,r 7 N@TPT) ;gpm,r )

exp

The sets of exponentially growth order ultradistribution nets and null nets of Roumieu
type are defined, respectively, by

’ ’
jm o m jm ym
g™ pi™} f:qm,r . NPT o Eqm’r .

exrp

PROPOSWILTIQN 3-2. I

(i) EEPT) (resp. £ V) are algebras under pointwise multiplication, and
NEPE) - (regp. NP} ) are ideals of them.

(ii) The pseudodistances induced by || - ||,mn e (resp. || - |lgmr mr) are ultrapseu-
dometrics on respective domains.

Proof. With Definition 3-1, this is just a particular case of of the general construc-
tion recalled in section 2. O

The Colombeau ultradistribution algebra Q(p!mm!m/) (resp. g{P!m)PI’“/} ) is defined
by

g ™) _ gp _ g(p!m’p,nu)/N(p!,,L7p!,,Lf)
T erp
(resp. g{p!’",p!’”/} — g_;r — g{p!m,p!m/}/N{P!’”’,p!m/} ).

exp

These topological algebras are invariant under the actions of ultradifferential opera-
tors of respective classes (m) and {m}, see e.g. [9].

3-2. Embeddings of ultradifferentiable functions and ultradistributions.

In what follows, mollifiers will be constructed by elements of spaces P°% (resp.
Yger), which consist of smooth functions ¢ on R with the property that for some
b >0,

|27 o(z)| |0 ()]

b
o = sup ———— < oo (resp. o = sup — 1 <0).
(?) ﬁEN,fER b8 B! (resp. os(¢) ozeN,fE)e]R b o )
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Both spaces are endowed with the respective inductive topologies.

DEFINITION 3-3. Let (¢"), oy be a bounded net in XPY (resp. Yge:) such that
Vn e N*: [ptign(t)dt =60 for j € {0,1,2,...,[nY/™] +1}, m > 1. Then (¢n), cn-
with ¢, = n¢™(n-) is called a net of {m,pow} (resp. {m,der})-mollifiers generated

The following important lemma gives an explicit net of {m,pow}- and {m,der}-
mollifiers:

LEMMA 3-4. For alln € N* and x € R, let
h,(z) = exp (712 - W) . ko(z) = exp (—2") .
Then, for all n € N*, h,(0) = k,(0) =1 and
Vae{l,...2n—1}: AY0)=k20) =0,
and there exist r > 0 and C' > 0 such that

sup o,(h,) <C, supo'(k,) <C . (3-1)
neN* neN*

Moreover, for given m > 1, the nets®
1 1

where g(n) = $[nY/M=Y] +1 for n € N*, generate a net of {m, pow}-mollifiers and
a net of {m, der}-mollifiers, respectively.

Proof. The first claims, h{®(0) = k{®)(0) = 64, are easily verified, and imply
obviously [ a? FT (h,) = [a? FT (k,) = 27,0 Vp € {0,...,2n — 1}, which gives
the second condition on {m,der } resp. { m, pow }-mollifiers for ¢™.

So let us show (3-1), i.e. hy,, € Yger, kn € XP°V with constants independent of n.
Consider first h,,.

The function C 3 z +— {/n?" 4 22 has singularities at z = ne!™ (2k+1/2n) The
nearest one to the real axis has the imaginary part nsing- > 1 Vn € N*. So for
every € R, the open disc {|z — x| < 1} lies in the domain of analyticity of h,.
Applying Cauchy’s integral formula, we have

al hn(€) d¢
2 /lc—w—é

(= o)

< 2%l hy, Leiy] .
<2%« eg[lo%;r]’ (z+ 1)

Ve € R,Vn € N*: |hl™(z)] =

Thus we have oa(h,) < C and therefore (3-1), if max |h,(z + 3¢*)| < C. So let us
show that there exists C' > 0 such that

VnEN*,mER:%(nQ— {‘/nQ"—f—(x—i-éei@)Q”) <InC. (3-2)

Let x4 5 e'? = pe'® with p € R, |¢| < F. Consider first [p| > 2 n. Then, sin¢ < =,

thus 2n ¢ < 2narcsin 2 < 5 Vn > 1. Therefore e (1 + (L ,06“25)2”) > 1 and (3-2)

n

2 we denote the Fourier transform by F7(-) to avoid confusion with spaces F . etc.
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with InC' = 0. Next, if [p| < 2 n, then
Re (n2 — \/n?" + (peid’)%) <n®—n*{/1- (%)Qn <1.

(The second function is decreasing for n > 2.) Again, this implies (3-2), with InC' =
1. So we have shown that ¥n € N*, oy(h,,) < 3, which proves (3-1) for h,,. With all
that precedes, it is easy to see that the given ¢" generate a net of {m, pow }-mollifiers.

Now turn to k,, € XP°%. Estimating #°k, () separately for |z| < 2 and |z| > 2 one
can easily prove (3-1). Once again, this allows to conclude that the given ¢™ generate
a net of {m, der}-mollifiers. 0O

The embedding of ultradistributions into the corresponding weighted algebra of se-
quences is realized through the first part of the next theorem. Its second part deals
with the representatives of ultradifferentiable functions implying that the multipli-
cation of regular enough elements within corresponding algebras is the ordinary
multiplication.

THEOREM 3-5. Assume m > 1.

(i) Lety € D™ (resp. o € DV™=P) with p > 0 such that m—p > 1) be compactly
supported, and (¢"), generate a net of {m,pow}-mollifiers. Then

Y x gy —thp € NETPT () = n¢(n-))
(resp. Yk ¢ —tp € N®TPT) o AT )

(i) Let f € & (resp. f € &™) with compact support; and (¢"), gener-
ate a net of {m,der}-mollifiers. Then [ x ¢, € Ee(ﬁgn’p!m_l), (resp. [ % ¢, €
)

If (™) and (¢'™), generate nets of {m,pow}-mollifiers, then

Vip € DU 2 (fx ¢ — fx b, 0) € NI,
(resp. Y € DIPY: (fu gy — [ x gl 00) €N )

REMARK 2. If ¢y € D™, m > 1, then (¢), € gt for all m' > 0. Fiz a
net of {m,pow}-mollifiers (¢»,),. The embedding D™ — EP™P"™) can be realized
through v — (Y x ¢y,), as well as through v — (v),. This is a consequence of
assertion (i). The similar conclusion follows for DI=r}. Thus, the product of @, €
D) (resp. @, € DI™=P}) is the usual one in EP"P") (resp. in PP,
Assertion (ii) characterizes the embedding of elements in £' ™) (resp. £'1™} ) into the
corresponding algebra by regularizations by {m, der}-mollifiers. Moreover, we have
that the regularization of elements in '™ (resp. '™ ) with {m, pow}-mollifiers
are weakly equal in the sense of ultracomplexr numbers.

Note that D™ — DUt <y DOM2) my > my > 1, where the left space is dense
in the right one. This implies D'(m2) — D'{m} — Dm0 With these relations
theorem 3-5 implies various embedding results depending on the parameter m > 1.

Proof. (i) Assume supp ¢ C [—p, p]. Since ¥ * ¢, — 1 = 0 for |z| > pu, n > ng,
we assume in this proof x € [—pu, u], n > ng. First, we prove the assertion for the
Beurling case; the Roumieu case is treated in a similar way.
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Let s € N. We have
W 6a =)@ = [ (09 +t/m) = @) 6" (0 dt

N-1

:/R<Z

p=0

tP

nP pl

Pt (z) +

nNN!

YA€) — ) (I)) ¢"(t)dt

where z < ¢ < x+t/n. For N = [n'/™]+1 as in the definition of {m, pow }-mollifiers,
tN
A O — | = (N+s) n
(500 = 0)@) = [ ™ 9O
Let b > 1 such that o®(¢") < co. Then

‘Vs

i (0% b — ) (@)

1 vi(N 4 s)!I™
< | = |pN+s) ’7#\7 ) dt .
< / e PO St 16 0)
We use NI™ < (NV)™ (N +s)l < eNtsNls! and & < NQTN,L , to get

VS

o (0% 6 — 1) (@)

</ (2e (v + b))V +s NIm N
“Jr (N +s)m NmN pN N1

Let ¢ > 1. Inserting e~ “Ve®N | with vy = 20e (v + b), we have

[p" ()] dt .

w(N-‘rS) €3 ‘

TS s - ™
S W60 — ) (@) <27V ) 0 (67
Now we use e~ ~ e=¢"""" as n — co. This implies for every v > 0 and £ > 0 there

exist C' > 0 so that

VS

g™ ('(/} * d)n - '(/})(S)<$)
Taking the supremum over all s and z, we obtain that

I * ¢n — |l ymon =1/m =0 .

Roumieu case: Let d > 1 such that 6%(¢™) < oo and h > 0 such that p/, ) () <
oo. With arbitrary v > 0, as above, we have
I/S

glm (7/) * ¢n - 77Z))(S)(x)

)] v (N + 5)ime
= /R (N + s)lm=—r  nNgmNI

(hem =)+ ()] N (hw)*stm = (2dm)Y 1]

1/m

S Ce—in

N6 (1)t .

< v .
- /R (N + s)lm=r NNm slmN1p dV NI " (6)] dt
Let ¢ > 1. Note
hv)*st™—? 2dhe’)N
sup{%,sEN}<oo, sup{%,NEN} < oo.
8.7” !

As above we have, with suitable C' > 0, (inserting e=*VefV),

e W 0u =) (@)] < CetN L) 0 (6")
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Again as above we finish the proof.
(ii) We will give the proof in the Beurling case. The proof in the Roumieu case
is similar. Recall [9], if f € &™), then there exists an ultradifferential operator of
class (m), P(D) = Y_,cnax D¥, 1o > 0 and continuous functions (Fy),,y, with the
property supp Fj, C [—po, o], sup |Fi(z)] < M, such that f = Y, .yar D*Fy.
This implies keN,zeR

Vo€ R [ ¢ (o) =Y (~D'acnt [ Filo+t/m) DYoneyde

k=0 R

where (¢,,), is a net of {m,der}-mollifiers such that o,(¢") < oo and a;, k € N
satisfy

3h,B > 0:Vk € N: |ay| < BR*/EI™ .

As in the part (i), we take & € [—u, p], u > po and n > ng. Let v > 1 be given and
s € N. We have

oo

E akn |m

k=

) DMegn (t) dt

Sm

shk k+s

S / [Pl + t/n)| | DV ()]

| A

Vhe s+k k+s

25
e L TC L
%

| A

| AN

|Dk+9¢n(t) | dt

B (2ebvh)strn k+s/ |Fi(z + L))
9k

]f_|_51m1 bk+s(k+ )

J(m—1)
< Ce(Zebuhn)l b O_b(¢n) _

This proves that f ¢, € E@»"™ ),

exp

Let us prove (for the Beurling case) that
(F.(Bn— ) x ) €NG" .
By continuity, we know that there exist p € N*, v > 0 and C > 0 such that
(f, (B — &) x )| < Cpl™((Jn — &),) %)
<C [P (Gusv =)+ Grv—v)] . (33)

By the first part of the theorem we have that

Pk b — P, Y, —p € NPT
This implies that for every k > 0 there exists C' > 0 such that for every n € N* both
addends in (3-3) are < Ce~*""". O

4. Generalized hyperfunctions on the circle

For A>1,let 2y ={z€C| 3 <|z| <A} and O, the Banach space of bounded
holomorphic functions on §2,. We denote by E(T) (resp. A(T) := indlimy_; O,)
the space of smooth (resp. analytic) functions on the unit circle T = {z € C |
|z| = 1} and by &'(T) (resp. B(T)) the corresponding space of distributions (resp.
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hyperfunctions), cf. [11]. For f € A(T), the coefficient f(k‘) of ex(z) = zF in the
Laurent expansion of f is its k-th Fourier coefficient. Complex numbers ¢, k € Z,
are the Fourier coefficients of some analytic function (resp. some hyperfunction) if
and only if || (cix)pens 1,176 < 1 (vesp. < 1).

Let m € [0,1) and v > 0. We denote by A, ,,(T) the set of functions f € A(T)
such that "> (f) := sup;cg aen lfia;!(f,zl < oo where f(t) = f(e"), t € R. We set

A, (T) = ind lim Amp(T) and A;(T) = ind llir_n A (T).

Clearly A;(T) a subalgebra of A(T) whose elements are holomorphic in C*.

To prove the following theorem, we establish

LEMMA 4-1. Let m € (0,1) and p > €/2. Then the function
@ity p i) ot g e [3,0)
1
5
Moreover, ¢ is strictly increasing on [t,,o0) and p(p*/™ + 1) < Jepe ™

. . . . . 1 1
reaches its minimum in a unique point t, such that 5 <t, < pm — /
1/m

Proof. The derivative of 1) = In ¢, given by ¢/(t) = —In p+m (Int + 5;) , is strictly
increasing for ¢ € (3,00) and verifies

P (t,) =0 <= t,e'/?te = pt/m .
This yields p'/™ —t, = t,(e!/?%» — 1), and, using z < €® — 1 < ze® for z # 0,
the claimed inequalities on t,. Writing In(p*/™ + 1) = LInp + In(1 + zpﬁ) gives
Y™ +1)=1IInp+m(p/™+1)In(1+ ﬁ) —m(p/™+1). Since In(1+ ﬁ) <

ﬁ it follows that ¢¥(p*/™ + 1) < Llnp+ m(ﬁ — p*/™). Using p > e/2, and

m € (0,1), we find Tt < 1 and thus p(p*/™ + 1) < epe_mpl/m. O
Previously, we defined the || - || norm only for sequences indexed by N. Here it is

convenient to use it also for the nets f (k) indexed by Z, for which we take it to be
the maximum of the norms of (f(k)),cy and (f(—k)),cn» Or equivalently

L—1/m

DD = timsup (max((| (1) |F—0)

THEOREM 4-2. Let f € A(T) and m € (0,1).
(i) If f € Ap,o(T) then:

1/m

GO

Conversely if the above condition holds, then f € A,, ,,(T) for allv' > v.
(ii) f € A (T) if and only if

LRI < 1.

(iii) f € Ao, (T) if and only if f(k) =0 for |k| > v.
(iv) f € Ao(T) if and only if (f(k))kez has finite support.
(v) For all f € Ay(T) there exists g € O(C*) such that gt = f.

Proof. Let f € A, (T) with 0 < m < 1. For all a € N, f®(t) =
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Zpez(ip)o‘f(p) et Tt follows that [ f(t)e=™**dt = 27 (ik)* f(k), and then con-
sequently there is a positive constant C; such that |k|“\f(k)| < Civ*al™.

Using Stirling’s formula: o! = a®*/2e7/27 (1 + €4), €a \( 0, we find a positive
constant Cy such that:

Vo€ N, Vk € Z, |k|°|f (k)] < Cor®a™et/De=me,
It follows that:

Vo e N*, Vi e Z*, | f(k)| < C, ( Y ) Qmetl/2) gmmer

k|
Using the notations of Lemma 4-1 by taking p = @ with |k| > ewv, yields
|f (k)| < Cyp(t) for all t € N*. Following the Lemma, we have ¢(p'/™ + 1) <

1/m . . . . .
—-m 1/m 1 1/m 1
Vepe P . Since @ 1mcreases on [p / - 3 1% / + 5] which contains a PoOs1-

tive integer «,, then If (k)| < Cs ola,) < C’Q\/@e’mpl/m for |k| > ev, that is
|f (k)| < Cy (LEy1/2 e~/ for |k| > ev from which inequality of (i) follows.
Conversely assume that f satisfies the condition of (7). Let v/ > v. Choose v such
that v/ > v” > v and set 8/ = m/()/™, B" =m/@")"/™. Since e#" > e=m/"""
there exists a positive constant C' > |f(0)| such that |f(k)| < Ce=#"IF"™ for every
k € Z. For every a € N, we have f(*)(t) = 32, _,(ik)* f(k) e’*. Then, using the last
inequality we find

Hf(O‘)HOO S C Ze_(g,/_ﬁl)lkll/m Sup|k|a€_5/|k|1/m.
ez keZ
Let ¢(t) = tae’ﬁ/tl/m; t > 0. A simple study of ¢ shows that sup,, ¢(t) = ¢(v'a™) =
(V)*a™> e~™. Using Stirling’s formula, we get a positive constant C; such that for
all @ € N| Hf(”‘) < Cyv'*a!™, showing that f € A,, ,/(T) and proving (3).

(oo}

Let f € A,,,(T). Then f € A,,,(T) for some v > 0 and the inequality follows from
(i) and e=™/"""" < 1. Conversely if || (F(k)), |||(if),1/m < 1, there exists v > 0 such
that || (f (k) 1E)-1/m < e=™/""'™ From (i), it follows that f € A,/ (T) for v/ > v.
Hence f € A,,(T) proving (7).

Let f € Ap,(T). The previous shows that there exists C; > 0 such that
k|| f (k)| < CLv®. Tt follows that |f(k)| < Cy (m)a for all k € Z* and all o € N. If

> v, then 77 < 1, and making o — oo yie s f(k) =0.
k h \ZI d mak lds f(k

Conversely, assume that f(k) = 0 for |k| > v. Then we have Vz € C*, f(z) =
ki< f (k) 2% Tt follows that for all a € N, Hﬂa)Hw < (S [F8)]) v, that is
f € Ay, (T) proving (7ii).

Claim (iv) follows from (i) straightforwardly.

Claims (#) and (iv) show that for f € A,(T), the series 3, , f(k) 2* converges
absolutely for any z € C, proving (v). O

Now let r = (r,), with r, > 0 and r, N\, 0. For n € N, we set ¥,(z) =
D kl<1 z*. We have v, * 1, = 1, and lim, .., = ¢ in &(T). If H € B(T),
H by = 3 1<1)r, H(k)z* (where S« T = z Y okez g(k:)f(k‘) 2¥) and conse-
quently lim,, , . H *x, = H in B(T).

For f € Oy we set ¢*(f) = || f | L (2, and @M (f) = sup A¥I| f(k)|. Recall that, for
kEZ
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I =(fn), € (0N, we note || f l».r = limﬁsup > (fn)™ and

For={F €M@ | M>1:]flp, <00},
Kor={feAMY[3A>1: | fllp, =0} .

and exactly the same for ¢ instead of q.

PROPOSITION 4-3. Let A > 1 and f = (f,), € OY. Then we have for any u €
(1,A)

I f g < W FMar s < W llgrr -
Consequently, ?qm = ?ém and qur = Zw

Proof. Let A > p > 1 and f = (f,),, € OY. For every k € Z, \*|f,.(k)| < ¢ (f.)
and then |f,(k)] < ¢(f,)A\ %, Using this inequality, we find from |f,(z)] <
Spez | Fa(B)| 215 that |£,(2)] < @ fn) Shes (%)k It follows that there exists a po-
sitive constant C(\, p) such that C(\, u)g"(fn) < ¢*(fn)-

From Cauchy’s formula A¥!|f, (k)| < ¢*(f,) and then ¢*(f,) < ¢*(f,). Finally we
obtain

I f e < W llarr < S o s
and then it follows straightforwardly that ?w = ?é,r and ?q,,. = EW. O

DEFINITION 4-4. Let X,.(T) = ?qw and N,.(T) = ﬁqﬁ. The algebra of generalized
hyperfunctions on T is Gy, = X.(T)/N,.(T).

We have an embedding of B(T) in Gy ,.(T) which preserves the usual multiplication
of elements in A4, (T) :

THEOREM 4-5. Let

i: B(T) — Gu,(T) and ip: A(T) — Gu.(T) .
H = [(Hx¢),] o 100,

Then, i is a linear embedding and iy is a one to one morphism of algebras such that
il 4, (1) = 1o-

Proof. The claim on ig is easy to prove. Let us focus on the properties of the first
part related to i. The linearity of i is quite obvious. Let H € B(T) and set h = (hy,),
with h,, = H % 1,,. From Theorem 4-2,(v), we have h € X(T).

Now take A > 1. From the property of the Fourier coefficients of H, there exists
C > 0 such that |H(k)| < CM* for all k € Z. Tt follows that A*l|h, (k)] < CAY/™
showing that || 2 [|4» » < A2. By Proposition 4-3, h € X,(T). It is sufficient to consider
restrictions to the spaces A,,(T) with 0 < m < 1. Let f € A,,(T) with 0 < m < 1.
There is A > 1 such that f(z) = >, s f(k)z*¥ for 1/X < |z| < A. Then we have
io(f) —1(f) = [fa] where f, = f — f % ¢, that is fu(2) = X451/, f(k) 2¥. Then
we have (f,),, € O,.

We claim that (f,), € N.(T). From Theorem 4-2, there exist p € (0,1) and
C > 0 such that every k € Z, |f(k)] < Cp™"™. For |k| > r:', writing
™ < IR

—1/m

P we find (A, (R)]) " < (CARpERIT) T e
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1/m

Since CAFIpzlH"™ is bounded with respect to k, because of 1/m > 1 and p € (0,1),
it follows that || f ||4» - = 0, proving our claim. O
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