
HAL Id: hal-01631184
https://hal.univ-antilles.fr/hal-01631184

Submitted on 28 Jul 2019

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

On the Likelihood of the Coincidence of Condorcet
Committees

Eric Kamwa, Vincent Merlin

To cite this version:
Eric Kamwa, Vincent Merlin. On the Likelihood of the Coincidence of Condorcet Committees. Eco-
nomics Bulletin, 2017, 37 (3), pp.2076-2085. �hal-01631184�

https://hal.univ-antilles.fr/hal-01631184
https://hal.archives-ouvertes.fr


   

 

 

 

Volume 37, Issue 3

 

On the Likelihood of the Coincidence of Condorcet Committees

 

Eric Kamwa 

Université des Antilles, LC2S UMR CNRS 8053, F-97275

Schoelcher Cedex.

Vincent Merlin 

CNRS and Normandie Univ, France ; UNICAEN, CREM,

UMR-CNRS 6211 , F-14032 Caen

Abstract
In this paper, we supplement the results of Kamwa and Merlin (2017) for the selection of a subset of two alternatives

out of four by computing the conditional probability of voting situations under which the Condorcet Committee à la

Gehrlein (CCG) and the Condorcet Committee à la Fishburn (CCF) may both exist and coincide when voters'

preferences on candidates are lexicographically extended on subsets. The CCG is a fixed-size subset of candidates

such that each of its members defeats in a pairwise contest any candidate outside. The CCF is a fixed-size subset of

candidates that is preferred to all other subsets of the same size by a majority of voters.
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✶✳ ■♥tr♦❞✉❝t✐♦♥

❈♦♥s✐❞❡r ❛♥ ❡❧❡❝t✐♦♥ ✇❤❡r❡ n ✭n ≥ 3✮ ✈♦t❡rs ❤❛✈❡ str✐❝t r❛♥❦✐♥❣s ✭❧✐♥❡❛r ♦r❞❡rs✮✶ ♦♥ A = {a, b, c, d}
❛ s❡t ♦❢ ❢♦✉r ❝❛♥❞✐❞❛t❡s✳ ❚❤❡ 24 ♣♦ss✐❜❧❡ ❧✐♥❡❛r ♦r❞❡rs ♦♥ A ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ■♥ t❤✐s

❚❛❜❧❡ ✶✿ ❙tr✐❝t r❛♥❦✐♥❣s ♦♥ A = {a, b, c, d}
n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12

a a a a a a b b b b b b

b b c c d d a a c c d d

c d b d b c c d a d a c

d c d b c b d c d a c a

n13 n14 n15 n16 n17 n18 n19 n20 n21 n22 n23 n24

c c c c c c d d d d d d

a a b b d d a a b b c c

b d a d a b b c a c a b

d b d a b a c b c a b a

t❛❜❧❡✱ ni ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ✈♦t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r❛♥❦✐♥❣ ♦❢ t②♣❡ i❀ ✈♦t❡rs ♦❢ t②♣❡ ✶ r❛♥❦
a ❜❡❢♦r❡ b✱ b ❜❡❢♦r❡ c ❛♥❞ c ❜❡❢♦r❡ d✳ ❆ ✈♦t✐♥❣ s✐t✉❛t✐♦♥ ñ = (n1, n2, ..., ni, ..., n24) ✐♥❞✐❝❛t❡s t❤❡

♥✉♠❜❡r ♦❢ ✈♦t❡rs ❢♦r ❡❛❝❤ ❧✐♥❡❛r ♦r❞❡r s✉❝❤ t❤❛t
24∑
i=1

ni = n✳ ❋♦r a, b ∈ A✱ ✇❡ ❞❡♥♦t❡ ❜② nab t❤❡

♥✉♠❜❡r ♦❢ ✈♦t❡rs ✇❤♦ ♣r❡❢❡r a t♦ b✳ ❈❛♥❞✐❞❛t❡ a ✐s ♠❛❥♦r✐t② ♣r❡❢❡rr❡❞ t♦ b ✐❢ nab > nba❀ ✇❡ ❞❡♥♦t❡
✐t ❜② aMb✳

❲❡ ❞❡♥♦t❡ ❜② Ag t❤❡ s❡t ♦❢ ❛❧❧ s✉❜s❡ts ♦❢ A ♦❢ s✐③❡ g✳ ❙✉❝❤ ❛ s✉❜s❡t ✐s ❝❛❧❧❡❞ ❛ ❝♦♠♠✐tt❡❡✳ ❚❤❡
s❡t A2 ♦❢ t❤❡ ♣♦ss✐❜❧❡ t✇♦✲♠❡♠❜❡r ❝♦♠♠✐tt❡❡s ✐s ✿ A2 = {(a, b), (a, c), (a, d), (b, c), (b, d), (c, d)}✳
❉❡✜♥✐t✐♦♥ ✶✳ ✭●❡❤r❧❡✐♥✱ ✶✾✽✺✮ ❆ ❝♦♠♠✐tt❡❡ C ∈ Ag ✐s t❤❡ ❈♦♥❞♦r❝❡t ❈♦♠♠✐tt❡❡ à ❧❛ ●❡❤r❧❡✐♥

✭❈❈●✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∀a ∈ C✱ ✇❡ ❤❛✈❡ aMb ❢♦r ❛❧❧ b ∈ A \ C✳

❋♦r t✇♦ ❝♦♠♠✐tt❡❡s C,C ′ ∈ Ag✱ ✇❡ ❞❡♥♦t❡ ❜② nCC′ t❤❡ ♥✉♠❜❡r ♦❢ ✈♦t❡rs ✇❤♦ r❛♥❦ ❝♦♠♠✐tt❡❡
C ❜❡❢♦r❡ C ′✳ ❈♦♠♠✐tt❡❡ C ✐s ♠❛❥♦r✐t② ♣r❡❢❡rr❡❞ t♦ C ′ ✐❢ nCC′ > nC′C ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② CM∗C ′✳
◆♦t✐❝❡ t❤❛t M st❛♥❞s ❢♦r t❤❡ ♠❛❥♦r✐t② r❡❧❛t✐♦♥s ♦♥ A ❛♥❞ M∗ st❛♥❞ ❢♦r t❤♦s❡ ♦♥ Ag✳

❉❡✜♥✐t✐♦♥ ✷✳ ✭❋✐s❤❜✉r♥✱ ✶✾✽✶✮ ❆ ❝♦♠♠✐tt❡❡ C ∈ Ag ✐s t❤❡ ❈♦♥❞♦r❝❡t ❈♦♠♠✐tt❡❡ à ❧❛ ❋✐s❤❜✉r♥

✭❈❈❋✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∀C ′ ∈ Ag \ C✱ CM∗C ′✳

❚♦ ❝♦♠♣✉t❡ t❤❡ ❈❈❋✱ ✇❡ ♥❡❡❞ ✈♦t❡rs✬ r❛♥❦✐♥❣s ♦✈❡r t❤❡ s❡t ♦❢ t❤❡ ❝♦♠♠✐tt❡❡s ♦❢ s✐③❡ g✳ ▼♦st ♦❢
t❤❡ t✐♠❡✱ ✇❡ ♦♥❧② ❤❛✈❡ ✈♦t❡rs✬ r❛♥❦✐♥❣s ♦♥ ❝❛♥❞✐❞❛t❡s✳ ❆❝❝♦r❞✐♥❣ t♦ ❑❛♠✇❛ ❛♥❞ ▼❡r❧✐♥ ✭✷✵✶✼✮✱ ❜②
s❡❧❡❝t✐♥❣ ❛ ❝♦♠♠✐tt❡❡ t❤❛t ✐s t❤❡ ❈❈❋ ✇❤❡♥ ✐t ❡①✐sts✱ ✇❡ ❛r❡ s✉r❡ t❤❛t ✇❡ ✇♦♥✬t ❣❡t ❛ ❞♦♠✐♥❛t❡❞
❝♦♠♠✐tt❡❡✱ ✇❤✐❧❡ s❡❧❡❝t✐♥❣ t❤❡ ❈❈● ✇❤❡♥ ✐t ❡①✐sts ✇✐❧❧ ♣r❡✈❡♥t ❢r♦♠ s❡❧❡❝t✐♥❣ ❞♦♠✐♥❛t❡❞ ❝❛♥❞✐✲
❞❛t❡s✳ ❚❤❡ ✐❞❡❛❧ ✇♦✉❧❞ ❜❡ t♦ s❡❧❡❝t ❛ ❝♦♠♠✐tt❡❡ t❤❛t ✐s ❜♦t❤ ❛ ❈❈● ❛♥❞ ❛ ❈❈❋✳ ❙♦✱ ✇❡ ❤❛✈❡ t♦
❝♦♥♥❡❝t ✈♦t❡rs✬s r❛♥❦✐♥❣s ♦♥ ❝❛♥❞✐❞❛t❡s t♦ t❤❡✐r r❛♥❦✐♥❣s ♦❢ t❤❡ ❝♦♠♠✐tt❡❡s✳ ❚❤❛t ✐s ✇❤❛t ❑❛♠✇❛
❛♥❞ ▼❡r❧✐♥ ✭✷✵✶✼✮ ❞✐❞ ❜② ❛ss✉♠✐♥❣ t✇♦ ❦✐♥❞s ♦❢ ♣r❡❢❡r❡♥❝❡ ❡①t❡♥s✐♦♥ t❡❝❤♥✐q✉❡s✿ t❤❡ ▲❡①✐♠❛① ❛♥❞
t❤❡ ▲❡①✐♠✐♥✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❡s❡ t❡❝❤♥✐q✉❡s ❤❡r❡✷✳

❚❤❡ ▲❡①✐♠❛① ❡①t❡♥s✐♦♥ r❛♥❦s s✉❜s❡ts ♦❢ ❝❛♥❞✐❞❛t❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❜❡st ❡❧❡♠❡♥ts✳ ■❢ t✇♦
s✉❜s❡ts ❤❛✈❡ t❤❡ s❛♠❡ ❜❡st ❡❧❡♠❡♥t✱ t❤❡ r❛♥❦✐♥❣ ✇✐❧❧ ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ s❡❝♦♥❞ ❜❡st ❡❧❡♠❡♥t ❛♥❞
s♦ ♦♥✳ ❆t s♦♠❡ ♣♦✐♥t✱ ❢♦r X ⊆ Y ✱ ✐❢ X ❛♥❞ Y ❛r❡ st✐❧❧ ❡q✉✐✈❛❧❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡①✐♠❛① ✇❤✐❧❡
t❤❡r❡ ✐s ♥♦ ♠♦r❡ ❛❧t❡r♥❛t✐✈❡ ❧❡❢t ✐♥ X ❢♦r ❢✉rt❤❡r ❝♦♠♣❛r✐s♦♥✱ X ✐s ❞❡❝❧❛r❡❞ ❜❡tt❡r t❤❛♥ Y ✳ ❚❤❡
▲❡①✐♠❛① ❡①t❡♥❞❡❞ r❛♥❦✐♥❣s ♦♥ A2 ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✷✳

✶■♥❞✐✛❡r❡♥❝❡✱ ✐♥tr❛♥s✐t✐✈❡ ♦r ❝②❝❧✐❝ r❛♥❦✐♥❣s ❛r❡ ♥♦t ❛❧❧♦✇❡❞✳
✷ ❲❡ r❡❢❡r t♦ ❇❛r❜❡rà ❡t ❛❧✳ ✭✷✵✵✶✮ ❢♦r ❛ r❡✈✐❡✇ ♦❢ ♣r❡❢❡r❡♥❝❡ ❡①t❡♥s✐♦♥ ♠❡t❤♦❞s ❛♥❞ t❤❡✐r ♥♦r♠❛t✐✈❡ ♣r♦♣❡rt✐❡s✳



❚❛❜❧❡ ✷✿ ❚❤❡ ▲❡①✐♠❛① ❡①t❡♥❞❡❞ r❛♥❦✐♥❣s ♦♥ A2

n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12

(a, b) (a, b) (a, c) (a, c) (a, d) (a, d) (a, b) (a, b) (b, c) (b, c) (b, d) (b, d)
(a, c) (a, d) (a, b) (a, d) (a, b) (a, c) (b, c) (b, d) (a, b) (b, d) (a, b) (b, c)
(a, d) (a, c) (a, d) (a, b) (a, c) (a, b) (b, d) (b, c) (b, d) (a, b) (b, c) (a, b)
(b, c) (b, d) (b, c) (c, d) (b, d) (c, d) (a, c) (a, d) (a, c) (c, d) (a, d) (c, d)
(b, d) (b, c) (c, d) (b, c) (c, d) (b, d) (a, d) (a, c) (c, d) (a, c) (c, d) (a, d)
(c, d) (c, d) (b, d) (b, d) (b, c) (b, c) (c, d) (c, d) (a, d) (a, d) (a, c) (a, c)

n13 n14 n15 n16 n17 n18 n19 n20 n21 n22 n23 n24

(a, c) (a, c) (b, c) (b, c) (c, d) (c, d) (a, d) (a, d) (b, d) (b, d) (c, d) (c, d)
(b, c) (c, d) (a, c) (c, d) (a, c) (b, c) (b, d) (c, d) (a, d) (c, d) (a, d) (b, d)
(c, d) (b, c) (c, d) (a, c) (b, c) (a, c) (c, d) (b, d) (c, d) (a, d) (b, d) (a, d)
(a, b) (a, d) (a, b) (b, d) (a, d) (b, d) (a, b) (a, c) (a, b) (b, c) (a, c) (b, c)
(a, d) (a, b) (b, d) (a, b) (b, d) (a, d) (a, c) (a, b) (b, c) (a, b) (b, c) (a, c)
(b, d) (b, d) (a, d) (a, d) (a, b) (a, b) (b, c) (b, c) (a, c) (a, c) (a, b) (a, b)

❚❤❡ ▲❡①✐♠✐♥ ❡①t❡♥s✐♦♥ ✐s ❞✉❛❧ ♦❢ t❤❡ ▲❡①✐♠❛①✳ ■t ❝♦♠♣❛r❡s s✉❜s❡ts ❜② t❤❡✐r ✇♦rst ❡❧❡♠❡♥ts✳ ■❢
t✇♦ s✉❜s❡ts ❤❛✈❡ t❤❡ s❛♠❡ ✇♦rst ❡❧❡♠❡♥t✱ t❤❡ r❛♥❦✐♥❣ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ♥❡①t ✇♦rst ❡❧❡♠❡♥ts ❛♥❞
s♦ ♦♥✳ ❆t s♦♠❡ ♣♦✐♥t✱ ❢♦r X ⊆ Y ✱ ✐❢ X ❛♥❞ Y ❛r❡ st✐❧❧ ❡q✉✐✈❛❧❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ▲❡①✐♠✐♥ ✇❤✐❧❡
t❤❡r❡ ✐s ♥♦ ♠♦r❡ ❛❧t❡r♥❛t✐✈❡ ❧❡❢t ✐♥ X ❢♦r ❢✉rt❤❡r ❝♦♠♣❛r✐s♦♥✱ Y ✐s ❞❡❝❧❛r❡❞ ❜❡tt❡r t❤❛♥ X✳ ❚❤❡
▲❡①✐♠✐♥ ❡①t❡♥❞❡❞ r❛♥❦✐♥❣s ♦♥ A2 ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✸✳

❚❛❜❧❡ ✸✿ ❚❤❡ ▲❡①✐♠✐♥ ❡①t❡♥❞❡❞ r❛♥❦✐♥❣s ♦♥ A2

n1 n2 n3 n4 n5 n6 n7 n8 n9 n10 n11 n12

(a, b) (a, b) (a, c) (a, c) (a, d) (a, d) (a, b) (a, b) (b, c) (b, c) (b, d) (b, d)
(a, c) (a, d) (a, b) (a, d) (a, b) (a, c) (b, c) (b, d) (a, b) (b, d) (a, b) (b, c)
(b, c) (b, d) (b, c) (c, d) (b, d) (c, d) (a, c) (a, d) (a, c) (c, d) (a, d) (c, d)
(a, d) (a, c) (a, d) (a, b) (a, c) (a, b) (b, d) (b, c) (b, d) (a, b) (b, c) (a, b)
(b, d) (b, c) (c, d) (b, c) (c, d) (b, d) (a, d) (a, c) (c, d) (a, c) (c, d) (a, d)
(c, d) (c, d) (b, d) (b, d) (b, c) (b, c) (c, d) (c, d) (a, d) (a, d) (a, c) (a, c)

n13 n14 n15 n16 n17 n18 n19 n20 n21 n22 n23 n24

(a, c) (a, c) (b, c) (b, c) (c, d) (c, d) (a, d) (a, d) (b, d) (b, d) (c, d) (c, d)
(b, c) (c, d) (a, c) (c, d) (a, c) (b, c) (b, d) (c, d) (a, d) (c, d) (a, d) (b, d)
(a, b) (a, d) (a, b) (b, d) (a, d) (b, d) (a, b) (a, c) (a, b) (b, c) (a, c) (b, c)
(c, d) (b, c) (c, d) (a, c) (b, c) (a, c) (c, d) (b, d) (c, d) (a, d) (b, d) (a, d)
(a, d) (a, b) (b, d) (a, b) (b, d) (a, d) (a, c) (a, b) (b, c) (a, b) (b, c) (a, c)
(b, d) (b, d) (a, d) (a, d) (a, b) (a, b) (b, c) (b, c) (a, c) (a, c) (a, b) (a, b)

❆s ♦♥❡ ❝❛♥ ♥♦t✐❝❡✱ t❤❡ ▲❡①✐♠❛① ❛♥❞ t❤❡ ▲❡①✐♠✐♥ r❛♥❦✐♥❣s ♦♥ t❤❡ t✇♦✲♠❡♠❜❡r ❝♦♠♠✐tt❡❡s ❛r❡
♥♦t t❤❡ s❛♠❡✳ ❑❛♠✇❛ ❛♥❞ ▼❡r❧✐♥ ✭✷✵✶✼✮ ❝❧❛✐♠❡❞ t❤❛t ❜❛s❡❞ ♦♥ t❤❡ ▲❡①✐♠❛① ❛♥❞ t❤❡ ▲❡①✐♠✐♥✱ ✇❡
❝❛♥ ❞❡r✐✈❡ t❤❡ ♠❛❥♦r✐t② r❡❧❛t✐♦♥s ❛♠♦♥❣ ❝♦♠♠✐tt❡❡s ❢r♦♠ t❤♦s❡ ❛♠♦♥❣ ❝❛♥❞✐❞❛t❡s❀ t❤❡② s❤♦✇❡❞
t❤❛t ∀a, b ∈ A ❛♥❞ ∀Z ⊆ A \ {a, b}✱ xMy ⇔ {a}M∗{b} ❛♥❞ {a}M∗{b} ⇔ {a} ∪ ZM∗{b} ∪ Z✳
❚❤❡② ✇❡r❡ ❛❜❧❡ t♦ ❝♦♥♥❡❝t t❤❡ ❈❈● t♦ t❤❡ ❈❈❋ ❛♥❞ t❤❡② ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ ✈♦t✐♥❣ s✐t✉❛t✐♦♥s
✇❤❡r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛ ❝♦♠♠✐tt❡❡ t❤❛t ✐s ❜♦t❤ ❛ ❈❈● ❛♥❞ ❈❈❋✳ ❲❤❛t r❡♠❛✐♥s ✐s t♦ s❡❡
✇❤❡t❤❡r s✉❝❤ ❛ ❝♦✐♥❝✐❞❡♥❝❡ ✐s ❥✉st ❛ r❛r❡ ♦❞❞✐t② ♦r ✐s ❛ ❝♦♠♠♦♥ ♦❝❝✉rr❡♥❝❡✳ ❲❡ ❢♦❝✉s ♦♥ t❤✐s
q✉❡st✐♦♥ ❢♦r t❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛ s✉❜s❡t t✇♦ ❛❧t❡r♥❛t✐✈❡s ♦✉t ♦❢ ❢♦✉r ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
♣r♦❜❛❜✐❧✐t② ♦❢ ✈♦t✐♥❣ s✐t✉❛t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❈♦♥❞♦r❝❡t ❈♦♠♠✐tt❡❡ à ❧❛ ●❡❤r❧❡✐♥ ✭❈❈●✮ ❛♥❞ t❤❡
❈♦♥❞♦r❝❡t ❈♦♠♠✐tt❡❡ à ❧❛ ❋✐s❤❜✉r♥ ✭❈❈❋✮ ♠❛② ❜♦t❤ ❡①✐st ❛♥❞ ❝♦✐♥❝✐❞❡ ✇❤❡♥ ✈♦t❡rs✬ ♣r❡❢❡r❡♥❝❡s
♦♥ ❝❛♥❞✐❞❛t❡s ❛r❡ ❡①t❡♥❞❡❞ ♦♥ s✉❜s❡ts ❧❡①✐❝♦❣r❛♣❤✐❝❛❧❧②✳



✷✳ ❈♦✐♥❝✐❞❡♥❝❡ ♣r♦❜❛❜✐❧✐t✐❡s

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ A2 s✉❝❤ t❤❛t t❤❡ ❈❈● ❛♥❞ t❤❡ ❈❈❋ ❝♦✐♥❝✐❞❡✳ ▲❡t ✉s r❡❝❛❧❧
t❤❛t (a, b) = CCG ♦♥❧② ✐❢ ❝❛♥❞✐❞❛t❡s a ❛♥❞ b ❜❡❛t c ❛♥❞ d ✐♥ ♣❛✐r✇✐s❡ ♠❛❥♦r✐t②✿ aMc✱ aMd✱ bMc
❛♥❞ bMd❀ ✉s✐♥❣ t❤❡ ❧❛❜❡❧s ♦❢ ❚❛❜❧❡ ✶✱ t❤✐s ✐s r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n11 + n19 + n20 + n21 > n9 + n10 + n12 + n13 + n14 + n15 + n16 + n17 + n18 + n22 + n23 + n24 ✭✶✮

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 + n13 + n14 + n15 > n10 + n11 + n12 + n16 + n17 + n18 + n19 + n20 + n21 + n22 + n23 + n24 ✭✷✮

n1 + n2 + n5 + n7 + n8 + n9 + n10 + n11 + n12 + n19 + n21 + n22 > n3 + n4 + n6 + n13 + n14 + n15 + n16 + n17 + n18 + n20 + n23 + n24 ✭✸✮

n1 + n2 + n3 + n7 + n8 + n9 + n10 + n11 + n12 + n13 + n15 + n16 > n4 + n5 + n6 + n14 + n17 + n18 + n19 + n20 + n21 + n22 + n23 + n24 ✭✹✮

❋♦r (a, b) = CCF ✐t ✐♠♣❧✐❡s t❤❛t (a, b)M∗(a, c)✱ (a, b)M∗(a, d)✱ (a, b)M∗(b, c)✱ (a, b)M∗(b, d) ❛♥❞
(a, b)M∗(c, d)✳ ❯s✐♥❣ t❤❡ ❧❛❜❡❧s ♦❢ ❚❛❜❧❡ ✷ ✉♥❞❡r t❤❡ ▲❡①✐♠❛①✱ t❤✐s ✐s r❡s♣❡❝t✐✈❡❧② ❡q✉✐✈❛❧❡♥t t♦

n1 + n2 + n5 + n7 + n8 + n9 + n10 + n11 + n12 + n19 + n21 + n22 > n3 + n4 + n6 + n13 + n14 + n15 + n16 + n17 + n18 + n20 + n23 + n24 ✭✺✮

n1 + n2 + n3 + n7 + n8 + n9 + n10 + n11 + n12 + n13 + n15 + n16 > n4 + n5 + n6 + n14 + n17 + n18 + n19 + n20 + n21 + n22 + n23 + n24 ✭✻✮

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n11 + n19 + n20 + n21 > n9 + n10 + n12 + n13 + n14 + n15 + n16 + n17 + n18 + n22 + n23 + n24 ✭✼✮

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 + n13 + n14 + n15 > n10 + n11 + n12 + n16 + n17 + n18 + n19 + n20 + n21 + n22 + n23 + n24 ✭✽✮

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 + n10 + n11 + n12 > n13 + n14 + n15 + n16 + n17 + n18 + n19 + n20 + n21 + n22 + n23 + n24 ✭✾✮

❖♥❡ ❝❛♥ ❡❛s✐❧② ♥♦t✐❝❡ t❤❛t ❊q✉❛t✐♦♥s ✭✶✮ t♦ ✭✹✮ ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛s ✭✺✮ t♦ ✭✽✮✳ ❲❡ ❣❡t t❤❡
s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ✇✐t❤ t❤❡ ▲❡①✐♠✐♥✳ ❚❤✉s✱ ❢♦r t❤❡ ❈❈● ❛♥❞ t❤❡ ❈❈❋ t♦ ❝♦✐♥❝✐❞❡✱ ✐t ✐s ♥❡❝❡ss❛r②
❢♦r ❊q✉❛t✐♦♥s ✭✺✮ t♦ ✭✾✮ t♦ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s
♦❢ ❝♦✐♥❝✐❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❈❈● ❛♥❞ t❤❡ ❈❈❋ ❢♦r m = 4 ❛♥❞ g = 2✳

❚❤❡ ■♠♣❛rt✐❛❧ ❈✉❧t✉r❡ ❛ss✉♠♣t✐♦♥ ✭■❈✮ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ ❛ss✉♠♣t✐♦♥s ✐♥ t❤❡ s♦❝✐❛❧ ❝❤♦✐❝❡
❧✐t❡r❛t✉r❡ ✇❤❡♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ❣✐✈❡♥ ❡✈❡♥ts✳ ❯♥❞❡r t❤❡ ■❈ ❛ss✉♠♣t✐♦♥✱ ✐t ✐s ❛ss✉♠❡❞
t❤❛t ❡❛❝❤ ✈♦t❡r ❝❤♦♦s❡s ❤❡r ♣r❡❢❡r❡♥❝❡ ❢♦❧❧♦✇✐♥❣ ❛ ✉♥✐❢♦r♠ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✇❤✐❝❤ ❣✐✈❡s
♣r♦❜❛❜✐❧✐t② 1

m!
t♦ ❡❛❝❤ r❛♥❦✐♥❣ t♦ ❜❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ✈♦t✐♥❣ s✐t✉❛t✐♦♥

ñ = (n1, n2, ..., nt, ..., n24) ✐s

Prob(ñ) =
n!∏24

i=1 ni!
× (24)−n

❋♦r ♠♦r❡ ❛❜♦✉t t❤❡ ■❈ ❛♥❞ ♦t❤❡r ♣r♦❜❛❜✐❧✐st✐❝ ❛ss✉♠♣t✐♦♥s✱ s❡❡ ❛♠♦♥❣ ♦t❤❡rs✱ ●❡❤r❧❡✐♥ ❛♥❞
❋✐s❤❜✉r♥ ✭✶✾✼✻✮✱ ●❡❤r❧❡✐♥ ❛♥❞ ▲❡♣❡❧❧❡② ✭✷✵✶✵✮✱ ❚❛t❛r✉ ❛♥❞ ▼❡r❧✐♥ ✭✶✾✾✼✮✳

●❡❤r❧❡✐♥ ✭✶✾✽✺✮ s❤♦✇❡❞ ✉♥❞❡r t❤❡ ■❈ t❤❛t t❤❡ ❧✐♠✐t ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡r❡ ✐s ❛ ❈❈● ❢♦r m = 3
❛♥❞ g = 2 ✐s 0.916✳ ❋♦r m = 4 t❤❡ ♣r♦❜❛❜✐❧✐t② ✐s 0.739 ❢♦r g = 2 ❛♥❞ 0.824 ❢♦r g = 3 ❛♥❞ g = 1✳

▲❡t ✉s ❞❡♥♦t❡ ❜② PC▼❛①

IC (4, g, n) ❛♥❞ PC▼✐♥

IC (4, g, n) t❤❡ ♣r♦❜❛❜✐❧✐t② ✉♥❞❡r ■❈ t❤❛t ❣✐✈❡♥ 4 ❝❛♥❞✐✲
❞❛t❡s✱ ❛ ❈❈● ♦❢ s✐③❡ g ❡①✐sts ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❈❈❋ ❜② ▲❡①✐♠❛① ❛♥❞ ❜② ▲❡①✐♠✐♥ ❡①t❡♥s✐♦♥

r❡s♣❡❝t✐✈❡❧②✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡♥♦t❡ ❜② P
C▼❛①

IC (4, g, n) ❛♥❞ P
C▼✐♥

IC (4, g, n) t❤❡ ♣r♦❜❛❜✐❧✐t② ✉♥❞❡r ■❈
t❤❛t ❛ ❈❈● ♦❢ s✐③❡ g ❡①✐sts ❛♥❞ t❤❡r❡ ✐s ♥♦ ❈❈❋✳ Pr♦♣♦s✐t✐♦♥ ✶ ❣✐✈❡s t❤❡ ❧✐♠✐t ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r
m = 4 ❛♥❞ g = 2 ❛s n ❣r♦✇s t♦ ✐♥✜♥✐t②✳

Pr♦♣♦s✐t✐♦♥ ✶✳

PC▼❛①

IC (4, 2,∞) = PC▼✐♥

IC (4, 2,∞) = 0.739 +
9

4π2

∫ 2

0

I(t)dt = 0.581

P
C▼❛①

IC (4, 2,∞) = P
C▼✐♥

IC (4, 2,∞) = − 9

4π2

∫ 2

0

I(t)dt = 0.158



✇❤❡r❡

I(t) =

(4− t)

(
π − 2 arccos( 3 t−4

4
√

14−8t+3t2
) + arccos( 32−8t+3t

2

112−64t+24t2
)

)

(4 + t2 − 2t)
√
16 + 3t2 − 8t

− 2(−8 + 5t)

(4 + t2 − 2t)
√
128 + 35t2 − 80t

[
2π − arccos

(
3 (−8 + 5t)

√
10

20
√
56− 44t+ 17t2

)

− arccos

(
(−24 + 5t)

√
10

40
√
14− 8t+ 3t2

)

− arccos

(
3(16− 12t+ 3t2)

4
√

(14− 8t+ 3t2) (56− 44t+ 17t2)

)]

−
√
3
(
π + arccos

(
7

20

)
− 2 arccos

(√

10

20

))

4 + t2 − 2t

❚❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ ❲❡ ❧❡❛r♥ ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✶ t❤❛t✱ ✐♥ ❛ ❢♦✉r✲❝❛♥❞✐❞❛t❡ ❡❧❡❝t✐♦♥s✱ ❛ ❈❈● ❛♥❞ ❛ ❈❈❋ ♦❢ t✇♦ ♠❡♠❜❡rs ❝♦✐♥❝✐❞❡ ✇✐t❤
♣r♦❜❛❜✐❧✐t② 0.581 ✇❤✐❧❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❈❈● ❢❛✐❧s t♦ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ❈❈❋ ✭✐✳❡ t❤❡r❡ ✐s
❛ ❝②❝❧❡ ♦♥ ❝♦♠♠✐tt❡❡s✮ ✐s ❡q✉❛❧ t♦ 0.158✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❢♦r m = 4 ❛♥❞ g = 2 t❤❛t
t❤❡r❡ ✐s ♥♦ ❈❈❋ ❣✐✈❡♥ t❤❛t ❛ ❈❈● ❡①✐sts ✐s ❡q✉❛❧ t♦ 0.158

0.739
= 0.214✳

❚❛❜❧❡ ✹✿ ▲✐♠✐t✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s

m = 4
g = 1 g = 2 g = 3

P̂C
IC(4, g,∞) 0.824 0.739 0.824

PC
IC(4, g,∞) 0.824 0.581 0.824

P
C

IC(4, g,∞) 0 0.158 0

❚❛❜❧❡ ✹ s✉♠♠❛r✐③❡s ♦✉r r❡s✉❧ts ❛♥❞ t❤♦s❡ ❢r♦♠ ●❡❤r❧❡✐♥ ✭✶✾✽✺✮✳ ■♥ t❤✐s t❛❜❧❡ t❤❡ ✈❛❧✉❡s✱

P̂C
IC(m, g,∞) ✐s t❤❡ ❧✐♠✐t ♣r♦❜❛❜✐❧✐t② ✉♥❞❡r ■❈ t❤❛t ❣✐✈❡♥ m✱ ❛ ❈❈● ♦❢ s✐③❡ g ❡①✐sts✳ ❋♦r s✐♠♣❧✐❝✐t②✱

✇❡ ✇r✐t❡ PC
IC(4, 2,∞) = PC▼❛①

IC (4, 2,∞) = PC▼✐♥

IC (4, 2,∞) ❛♥❞ P
C

IC(4, 2,∞) = P
C▼✐♥

IC (4, 2,∞) =

P
C▼✐♥

IC (4, 2,∞)✳

❚❛❜❧❡ ✺✿ ❊①✐st❡♥❝❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r t❤❡ ❈❈● ❛♥❞ t❤❡ ❈❈❋ ❢♦r m = 4 ❛♥❞ g = 2

∃CCF ∄CCF ❚♦t❛❧
∃CCG 0.581 0.158 0.739
∄CCG 0 0.261 0.261

❚♦t❛❧ 0.581 0.419 1

❚❛❜❧❡ ✺ ♣r♦✈✐❞❡s ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❈❈● ❛♥❞ t❤❛t ♦❢ t❤❡ ❈❈❋ ♦❜t❛✐♥❡❞ ❜② ❧❡①✐❝♦✲
❣r❛♣❤✐❝ ❡①t❡♥s✐♦♥ ❢♦r t✇♦✲♠❡♠❜❡r ❝♦♠♠✐tt❡❡s✳ ❲❤❡♥ ♣r❡❢❡r❡♥❝❡s ❛r❡ ❧❡①✐❝♦❣r❛♣❤✐❝❛❧❧② ❡①t❡♥❞❡❞✱
t❤❡r❡ ✐s ❛ 58.1% ♦❢ ❝❤❛♥❝❡ t❤❛t ❛ ❈❈❋ ❡①✐sts✳ ❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣❛r❡ ♦✉r ❛♣♣r♦❛❝❤



✈✐❛ ❧❡①✐❝♦❣r❛♣❤✐❝ ❡①t❡♥s✐♦♥ ♦❢ ♣r❡❢❡r❡♥❝❡s ♦✈❡r t❤❡ s✉❜s❡ts ♦❢ t✇♦ ❡❧❡♠❡♥ts t♦ ❛ ♠♦r❡ ❞✐r❡❝t ❛♣✲
♣r♦❛❝❤ ✇❤❡r❡ ❛❧❧ t❤❡ ✈♦t❡rs ❢♦r♠ ♣r❡❢❡r❡♥❝❡s ♦♥ t❤❡ s✐① s✉❜s❡ts ♦❢ s✐③❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠
t❤❡✐r ♣r❡❢❡r❡♥❝❡s ♦♥ A✳ ❍❡♥❝❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈❈❋ ♦❢ s✐③❡ t✇♦ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s❡❛r❝❤ ♦❢
❛ s✉❜s❡t t❤❛t ❞♦♠✐♥❛t❡s t❤❡ ✜✈❡ ♦t❤❡rs ✈✐❛ M∗✳ ❚❤❛t ✐s✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈❈❋
♦❢ s✐③❡ t✇♦ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①✐st❡♥❝❡ ♦❢ ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ❛♠♦♥❣ s✐① ❡❧❡♠❡♥ts
✭❤❡r❡✱ s✉❜s❡ts✮✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② PCW

IC (m,∞)✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ✉♥❞❡r ■❈ t❤❛t ❛ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r
❡①✐sts ✇✐t❤ m ❝❛♥❞✐❞❛t❡s ✇❤❡♥ t❤❡ ❡❧❡❝t♦r❛t❡ ✐s ✐♥✜♥✐t❡✳ ❋r♦♠ ●❡❤r❧❡✐♥ ✭✷✵✵✻✮ ♦r ●❡❤r❧❡✐♥ ❛♥❞
❋✐s❤❜✉r♥ ✭✶✾✼✻✮✱ ✇❡ ❤❛✈❡ ✿

PCW
IC (6,∞) = 3− 5PCW

IC (3,∞) + 3PCW
IC (5,∞)

❍❡♥❝❡✱ PCW
IC (6,∞) = 3− 5(0.916) + 3(0.749) = 0.667

■♠♣♦s✐♥❣ ❛ r❡str✐❝t✐♦♥ ✈✐❛ t❤❡ ▲❡①✐♠❛① ♦r ▲❡①✐♠✐♥ ❡①t❡♥s✐♦♥✱ r❡❞✉❝❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ❡①✐st❡♥❝❡
♦❢ ❛ ❈❈❋ ✭0.581 ✈s 0.667✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ r❡str✐❝t✐♥❣ ♣r❡❢❡r❡♥❝❡s ✈✐❛ ❧❡①✐❝♦❣r❛♣❤✐❝ ❡①t❡♥s✐♦♥ ✐s
♠♦r❡ s✉s❝❡♣t✐❜❧❡ t♦ ❧❡❛❞ t♦ ❝②❝❧❡ ❛♠♦♥❣ ❝♦♠♠✐tt❡❡s t❤❛♥ ✇❤❡♥ ✈♦t❡rs ❛r❡ ❛r❡ ❢r❡❡ t♦ ❤❛✈❡ ❛♥②
t②♣❡ ♦❢ r❛♥❦✐♥❣s t❤❡② ✇❛♥t✳

✸✳ ❈♦♥❝❧✉s✐♦♥

❲❡ ❢♦✉♥❞ t❤❛t✱ ✇✐t❤ ❢♦✉r ❝❛♥❞✐❞❛t❡s ❛♥❞ ❝♦♠♠✐tt❡❡s ♦❢ s✐③❡ t✇♦✱ t❤❡r❡ ✐s ❛ 21.4% ♦❢ ❝❤❛♥❝❡ t❤❛t✱
❣✐✈❡♥ ❛ ❈❈● ❡①✐sts✱ t❤❡r❡ ✐s ♥♦ ❈❈❋✳ ■♥ t❤✐s r❡s♣❡❝t✱ t❤❡ ❈❈● ✐s ❛ ✈♦t✐♥❣ ❝♦♥❝❡♣t t❤❛t ✐s ♠♦r❡ ❧✐❦❡❧②
t♦ ❡①✐st t❤❛♥ t❤❡ ❈❈❋✳ ❆❧s♦✱ ✇❡ ❢♦✉♥❞ t❤❛t✱ ✐♠♣♦s✐♥❣ ❛ r❡str✐❝t✐♦♥ ✈✐❛ ❧❡①✐❝♦❣r❛♣❤✐❝ ♣r❡❢❡r❡♥❝❡s
r❡❞✉❝❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ❡①✐st❡♥❝❡ ♦❢ ❛ ❈❈❋✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r ♦✉r ❝♦♥❝❧✉s✐♦♥s ❝❛♥
❜❡ ❣❡♥❡r❛❧✐③❡❞✳ ❋✐rst✱ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤ ♠♦r❡ t❤❛♥ ❢♦✉r ❝❛♥❞✐❞❛t❡s ✇♦✉❧❞ ❛❧s♦ ❛❧❧♦✇ ✉s t♦ ❤❛✈❡
❛ ❝♦♠♣❧❡t❡ ♣✐❝t✉r❡ ♦❢ t❤❡ ❝♦✐♥❝✐❞❡♥❝❡ ♦❢ t❤❡ ❈♦♥❞♦r❝❡t ❝♦♠♠✐tt❡❡s✳ ❇✉t✱ t❤✐s r❡♠❛✐♥s ❛ ❤❛r❞
❛♥❞ ❝✉♠❜❡rs♦♠❡ t❛s❦ ✉♥❞❡r t❤❡ ■♠♣❛rt✐❛❧ ❈✉❧t✉r❡ ✉s✐♥❣ t❤❡ s❛♠❡ ♠❡t❤♦❞ ❛s ✐♥ ❙❛❛r✐ ❛♥❞ ❚❛t❛r✉
✭✶✾✾✾✮ ♦r ●❡❤r❧❡✐♥ ❛♥❞ ❋✐s❤❜✉r♥ ✭✶✾✼✻✮✳ ❚♦ ❝✐r❝✉♠✈❡♥t t❤✐s✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ✇♦✉❧❞ ❜❡ t♦ r❡❧② ♦♥
▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥s✳

❆♣♣❡♥❞✐①

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❡✈❡♥t ❞❡s❝r✐❜❡❞ ❜② ❊q✉❛t✐♦♥s ✭✺✮ t♦ ✭✾✮ ✉♥❞❡r
t❤❡ ■❈ ❛ss✉♠♣t✐♦♥✱ ❢♦r n → ∞✳ ❚❤❡ ✜rst ❢♦✉r ❡q✉❛t✐♦♥s ❞❡s❝r✐❜❡ t❤❡ ❢❛❝t t❤❛t {a, b} ✐s t❤❡ ❈❈●✳
●❡❤r❧❡✐♥ ✭✶✾✽✺✮ ❛❧r❡❛❞② ❡✈❛❧✉❛t❡❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤✐s ❡✈❡♥t ✉♥❞❡r ■❈ ❢♦r n ❧❛r❣❡ ❛t 0.73✾✳ ❲❡
r❡✇r✐t❡ ❊q✉❛t✐♦♥ ✭✾✮ ❜② ✉s✐♥❣ ❛ ♣❛r❛♠❡t❡r t✳

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 + (t− 1)n10 + (t− 1)n11 + (t− 1)n12 >

(t− 1)n13 + (t− 1)n14 + (t− 1)n15 + n16 + n17 + n18 + n19 + n20 + n21 + n22 + n23 + n24 ✭✶✵✮

❲❤❡♥ t = 0✱ ❊q✉❛t✐♦♥ ✭✶✵✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❊q✉❛t✐♦♥ ✭✽✮✳ ❆t t = 2✱ ✐t ❢✉❧❧② ❞❡s❝r✐❜❡s ❊q✉❛t✐♦♥
✭✾✮✳ ❖✉r ♣r♦♦❢ t❡❝❤♥✐q✉❡ ✇✐❧❧ ✐♥ ❢❛❝t ❡✈❛❧✉❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❊q✉❛t✐♦♥s ✭✺✮ t♦ ✭✶✵✮ ❛r❡
s❛t✐s✜❡❞ ✉♥❞❡r ■❈ ❢♦r n ❧❛r❣❡✳ ❆t t = 0✱ ✇❡ r❡❝♦✈❡r t❤❡ ✈❛❧✉❡ 0.739 ✇❤✐❧❡ ❛t t = 2✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡
t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❞✐s❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❈❈● ❛♥❞ t❤❡ ❈❈❋✳

❲✐t❤ ❢♦✉r ❝❛♥❞✐❞❛t❡s✱ ✐t ✐s ❛ss✉♠❡❞ ✉♥❞❡r t❤❡ ■♠♣❛rt✐❛❧ ❈✉❧t✉r❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❡❛❝❤ ✈♦t❡r ✐s
❡q✉❛❧❧② ❧✐❦❡❧② t♦ ❤❛✈❡ ♦♥❡ ♦❢ t❤❡ ✷✹ ♣r❡❢❡r❡♥❝❡ t②♣❡s✳ ▲❡t xi ❜❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ❛ss♦❝✐❛t❡s



t♦ ❡❛❝❤ ✈♦t❡r i ❛ ✷✹✲❝♦♠♣♦♥❡♥t ✈❡❝t♦r ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1
24

♦❢ ❤❛✈✐♥❣ ✶ ✐♥ ❡❛❝❤ ♣♦s✐t✐♦♥✳ ❚❤❡
❡①♣❡❝t❛t✐♦♥ ♦❢ xi ✐s

E(xi) =

(
1

24
,
1

24
, . . . ,

1

24

)

❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s ❛ ❞✐❛❣♦♥❛❧ 24× 24 ♠❛tr✐① ✇✐t❤ t❤❡ ❝♦♠♠♦♥ ❡♥tr② σ ❣✐✈❡♥ ❜②

σ2 = E(x2
i )− E(xi)

2

▲❡t

mT = (m1,m2, . . .m24)
T =

1

σ
√
n







n1
✳✳✳

n24


−




n
24
✳✳✳
n
24







❚❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠ ✐♥ R23 ✐♠♣❧✐❡s

µ
[
mT
]
7→ 1

(
√
2π)23

e
−|t|2

2 λ

❛s n → ∞ ✇❤❡r❡ t = (t1, t2, . . . , t24) ∈ R24✱ |t|2 = t21 + · · · + t224 ❛♥❞ λ ✐s t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥
t❤❡ ✷✸✲❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r♣❧❛♥❡ t1 + · · · + t24 = 0✳ ◆♦t❡ t❤❛t s✐♥❝❡ mT ❤❛s t❤❡ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞
♦♥ t❤❡ ❤②♣❡r♣❧❛♥❡ m1 + · · ·+m24 = 0✱ t❤❡ ❧✐♠✐t ♦❢ mT ❛s n → ∞ ✐s ❛❧s♦ ❛ ♠❡❛s✉r❡ s✉♣♣♦rt❡❞ ♦♥
t1 + · · · + t24 = 0✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❣✐✈❡♥ ❛ ❈❈● ❡①✐sts✱ ✐t ✐s ❛❧s♦ t❤❡ ❈❈❋✱ ✇❡
♥❡❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ✈♦t✐♥❣ s✐t✉❛t✐♦♥ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✜✈❡ ✐♥❡q✉❛❧✐t✐❡s ✭✺✮
t♦ ✭✶✵✮❀ m s❛t✐s✜❡s ✐♥❡q✉❛❧✐t✐❡s ✭✺✮ t♦ ✭✶✵✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ñ = (n1, n2, . . . , n24) ❛❧s♦ s❛t✐s✜❡s t❤❡♠✳
❚❤❡♥✱ ❜② t❤❡ ❈❡♥tr❛❧ ▲✐♠✐t ❚❤❡♦r❡♠✱ ✇❡ ✇r✐t❡

Pr
(
mT s❛t✐s✜❡s (5) t♦ (10)

)
7→ 1

(
√
2π)23

∫

C

e
−|t|2

2 dλ

✇❤❡r❡ C = {t ∈ R24, t s❛t✐s✜❡s (5) t♦ (10); ❛♥❞
∑24

i=1(ti) = 0}✳
❆s t❤❡ ♠❡❛s✉r❡

µ̄ ≡ 1

(
√
2π)23

e
−|t|2

2 λ

✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ r❛❞✐❛❧❧② s②♠♠❡tr✐❝✱ ❝♦♠♣✉t✐♥❣

1

(
√
2π)23

∫

C

e
−|t|2

2 dλ

r❡❞✉❝❡s t♦ ✜♥❞✐♥❣ t❤❡ ♠❡❛s✉r❡ µ̄ ♦❢ t❤❡ ❝♦♥❡ C✱ ✇❤❡♥ t❤❡ ♠❡❛s✉r❡ ✐s ✐♥✈❛r✐❛♥t t♦ r♦t❛t✐♦♥s✳ ❚❤❡
♠❡❛s✉r❡ µ̄ ♦❢ s✉❝❤ ❛ ❝♦♥❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❊✉❝❧✐❞❡❛♥ ♠❡❛s✉r❡ ♦❢ t❤❡ ❝♦♥❡✱ t❤❛t ✐s✱ t❤❡ ♠❡❛s✉r❡
♦♥ t❤❡ s♣❤❡r❡✳

❙❛❛r✐ ❛♥❞ ❚❛t❛r✉ ✭✶✾✾✾✮ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ♠❡t❤♦❞ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ✈♦t✐♥❣
❡✈❡♥ts ✉♥❞❡r t❤❡ ■♠♣❛rt✐❛❧ ❝✉❧t✉r❡✳ ❙♦♠❡ r❡✜♥❡♠❡♥ts ♦❢ t❤✐s ♠❡t❤♦❞ ❛r❡ ❞♦♥❡ ✐♥ ▼❡r❧✐♥ ❡t ❛❧✳

✭✷✵✵✵✮✱ ▼❡r❧✐♥ ❛♥❞ ❱❛❧♦❣♥❡s ✭✷✵✵✹✮✳ ❚❤✐s ♠❡t❤♦❞ ✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ❧✐♥❡❛r ❛❧❣❡❜r❛ ❛♥❞ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❛ ❞✐✛❡r❡♥t✐❛❧ ✈♦❧✉♠❡ ✐♥ ❛ s♣❤❡r✐❝❛❧ s✐♠♣❧❡① ♦❢ ❞✐♠❡♥s✐♦♥ ν ✉s✐♥❣ t❤❡ ❙❝❤❧ä✢✐✬s ❢♦r♠✉❧❛
✭❙❡❡ ❈♦①❡t❡r ✭✶✾✸✺✮✱ ❙❝❤❧ä✢✐ ✭✶✾✺✵✮✱ ▼✐❧♥♦r ✭✶✾✽✷✮✱ ❑❡❧❧❡r❤❛❧s ✭✶✾✽✾✮✮✳ ❚❤✐s ❢♦r♠✉❧❛ ✐s ❣✐✈❡♥ ❜②✿

dvolν(C) =
1

(ν − 1)

∑

0≤j<k≤ν

volν−2(Sj ∩ Sk)dαjk; vol0 = 1



✇✐t❤ αjk t❤❡ ❞✐❤❡❞r❛❧ ❛♥❣❧❡ ❢♦r♠❡❞ ❜② t❤❡ ❢❛❝❡ts Sj ❛♥❞ Sk ♦❢ t❤❡ ❝♦♥❡ C✳ ❋♦❧❧♦✇✐♥❣ t❤❡
❛r❣✉♠❡♥ts ❣✐✈❡♥ ❜② ❙❛❛r✐ ❛♥❞ ❚❛t❛r✉ ✭✶✾✾✾✮✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ♠❡t s✐✲
♠✉❧t❛♥❡♦✉s❧② ❢♦r ❛ ✈♦t✐♥❣ s✐t✉❛t✐♦♥ ✇❤❡♥ pi =

1
24
, i = 1, . . . , 24 ❢♦r n ❧❛r❣❡ ✐s ❡q✉❛❧ t♦ t❤❡ s✉r❢❛❝❡

♦❢ t❤❡ s♣❤❡r✐❝❛❧ s✐♠♣❧❡① T ❞❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥s ✭✺✮✱✭✻✮✱✭✼✮✱ ✭✽✮✱ ✭✶✵✮ ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✉♥✐t
s♣❤❡r❡ ✐♥ R5✱ ❞✐✈✐❞❡❞ ❜② t❤❡ s✉r❢❛❝❡ ♦❢ t❤✐s s♣❤❡r❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ❞❡r✐✈❡

PC▼❛①
IC (4, 2,∞) = 0.73946 +

6

ω5

∫ t

0

dvolν(C)

✇❤❡r❡ ω5 = 8π2

3
✐s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ R5✳

●✐✈❡♥ t❤❡ ❝♦♥❡ C✱ ❧❡t S1 ❜❡ t❤❡ ❢❛❝❡t ❞❡✜♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥ ✭✺✮✱ S2 t❤❡ ❢❛❝❡t ❞❡✜♥❡❞ ❜② t❤❡
❡q✉❛t✐♦♥ ✭✻✮✱ s♦ ♦♥ ❢♦r S3✱ S4 ❛♥❞ S5✳

▲❡t ~v1, ~v2, ~v3, ~v4, ~v5 ❜❡ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦rs t♦ t❤❡ ❤②♣❡r♣❧❛♥❡s S1, S2, S3, S4, S5✳

~v1 = (1, 1,−1,−1, 1,−1, 1, 1, 1, 1, 1, 1,−1,−1,−1,−1,−1,−1, 1,−1, 1, 1,−1,−1)
~v2 = (1, 1, 1,−1,−1,−1, 1, 1, 1, 1, 1, 1, 1,−1, 1, 1,−1,−1,−1,−1,−1,−1,−1,−1)
~v3 = (1, 1, 1, 1, 1, 1, 1, 1,−1,−1, 1,−1,−1,−1,−1,−1,−1,−1, 1, 1, 1,−1,−1,−1)
~v4 = (1, 1, 1, 1, 1, 1, 1, 1, 1,−1,−1,−1, 1, 1, 1,−1,−1,−1,−1,−1,−1,−1,−1,−1)
~v5 = (1, 1, 1, 1, 1, 1, 1, 1, 1, t− 1, t− 1, t− 1, 1− t, 1− t, 1− t,−1,−1,−1,−1,−1,−1,−1,−1,−1)

❙✐♥❝❡ ~vj ❛♥❞ ~vk ❛r❡ r❡s♣❡❝t✐✈❡❧② ♥♦r♠❛❧ t♦ Sj ❛♥❞ Sk✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣

cos(αjk) =
−vj.vk

||vj||.||vk||

t♦ ❞❡r✐✈❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐❤❡❞r❛❧ ❛♥❣❧❡ αjk ❜❡t✇❡❡♥ ✈❡❝t♦rs ~vj ❛♥❞ ~vk✳

α12 = α13 = α24 = α34 = π − arccos
(
1
3

)

α14 = α23 =
π
2

α15 = π − arccos
(

t
√
6

2
√
24+6t2−12t

)

α25 = α35 = π − arccos
(

(4+t)
√
6

6
√
24+6t2−12t

)

α45 = arccos
(

(−4+t)
√
6

2
√
24+6t2−12t

)

❚❤❡r❡❢♦r❡✱
dα12 = dα13 = dα14 = dα23 = dα24 = dα34 = 0
dα15 =

−t+4
(4+t2−2t)

√
16+3t2−8t

dα25 = dα35 =
8−5t

(4+t2−2t)
√
128+35t2−80t

dα45 =
−
√
3

4+t2−2t

❚❤❡ ✈❡❝t♦rs ~v1, ~v2, ~v3, ~v4, ~v5 ❧✐❡ ✐♥ ❛ ✺✲❞✐♠❡♥s✐♦♥ s♣❛❝❡✳ ❱❡❝t♦rs v6 t♦ v24 ❢♦r♠ ❛ ❜❛s✐s ❢♦r t❤❡
♦rt❤♦❣♦♥❛❧ s✉❜s♣❛❝❡✿



~v6 = (1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1)
~v7 = (−2, 0, 2,−1, 0, 0, 0, 0, 2,−1, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0)
~v8 = (−2, 0, 2,−1, 0, 0, 0, 0, 2,−1, 0, 0,−1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0)
~v9 = (−1, 0, 0, 0, 0, 0, 0, 0, 1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v10 = (−1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v11 = (−1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v12 = (−1, 0, 1,−1, 0, 0, 0, 0, 2,−1, 0, 0,−1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0)
~v13 = (−1, 0, 1,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v14 = (−1, 0, 2,−1, 0, 0, 0, 0, 1,−1, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0)
~v15 = (−1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v16 = (0, 0, 0,−1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v17 = (0, 0, 0, 0, 0, 0, 0, 0, 0,−1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v18 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v19 = (0, 0, 0, 0, 0, 0, 0, 0, 1,−1, 0, 0,−1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0)
~v20 = (0, 0, 1,−1, 0, 0, 0, 0, 0, 0, 0, 0,−1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0)
~v21 = (0, 0, 1,−1, 0, 0, 0, 0, 1,−1, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1)
~v22 = (0, 0, 1,−1, 0, 0, 0, 0, 1,−1, 0, 0,−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0)
~v23 = (0, 0, 1,−1, 0, 0, 0, 0, 1,−1, 0, 0,−1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0)
~v24 = (0, 0, 1,−1, 0, 0, 0, 0, 1,−1, 0, 0,−1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0)

❚❤❡♥✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❡rt❡①❡s P1234 = S1 ∩ S2 ∩ S3 ∩ S4✱ P1235 = S1 ∩ S2 ∩ S3 ∩ S5✱
P1245 = S1 ∩ S2 ∩ S4 ∩ S5✱ P1345 = S1 ∩ S3 ∩ S4 ∩ S5 ❛♥❞ P2345 = S2 ∩ S3 ∩ S4 ∩ S5 ❜② s♦❧✈✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ s②st❡♠s

P1234 :































































































S1 = 0

S2 = 0

S3 = 0

S4 = 0

S5 > 0

S6 = 0

S7 = 0

✳✳✳

✳✳✳

S23 = 0

S24 = 0

P1235 :































































































S1 = 0

S2 = 0

S3 = 0

S4 > 0

S5 = 0

S6 = 0

S7 = 0

✳✳✳

✳✳✳

S23 = 0

S24 = 0

P1245 :































































































S1 = 0

S2 = 0

S3 > 0

S4 = 0

S5 = 0

S6 = 0

S7 = 0

✳✳✳

✳✳✳

S23 = 0

S24 = 0

P1345 :































































































S1 = 0

S2 > 0

S3 = 0

S4 = 0

S5 = 0

S6 = 0

S7 = 0

✳✳✳

✳✳✳

S23 = 0

S24 = 0

P2345 :































































































S1 > 0

S2 = 0

S3 = 0

S4 = 0

S5 = 0

S6 = 0

S7 = 0

✳✳✳

✳✳✳

S23 = 0

S24 = 0

❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡s❡s s②st❡♠s ❛r❡✿

P1234 = (−1,−1, 2, 5, 2, 5,−1,−1, 2, 5, 2, 5,−5,−2,−5,−2, 1, 1,−5,−2,−5,−2, 1, 1)
P1235 = (4 + t, 4 + t, 2t− 8,−20 + 11t,−8 + 10t,−20 + 11t, 4 + t, 4 + t,−8 + 10t,

−20 + 3t,−8− 6t,−20 + 3t, 20− 3t, 8 + 6t, 20− 3t, 8− 10t,−4− t,
−4− t, 20− 11t, 8− 10t, 20− 11t,−2t+ 8,−4− t,−4− t)

P1245 = (3, 3, 6, 1,−2, 1, 3, 3,−10,−7, 6,−7,−1,−6,−1, 2,−3,−3, 7, 10, 7,−6,−3,−3)
P1345 = (3, 3, 6,−7,−10,−7, 3, 3,−2, 1, 6, 1, 7,−6, 7, 10,−3,−3,−1, 2,−1,−6,−3,−3)
P2345 = (3, 3,−10,−7, 6,−7, 3, 3, 6, 1,−2, 1,−1, 2,−1,−6,−3,−3, 7,−6, 7, 10,−3,−3)

❑♥♦✇✐♥❣ t❤❡s❡ ✈❡rt✐❝❡s✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ ✈♦❧✉♠❡s (S1 ∩ S5)✱ (S2 ∩ S5)✱ (S3 ∩ S5)
❛♥❞ (S4 ∩ S5)✳ ❊❛❝❤ ♦❢ t❤❡s❡ ✈♦❧✉♠❡s ✐s t❤❡ ❛r❡❛ ♦❢ ❛ tr✐❛♥❣❧❡ ♦♥ t❤❡ s♣❤❡r❡ ✐♥ R3 ❞❡✜♥❡❞ ❜②



❚❛❜❧❡ ✻✿ ✈♦❧✉♠❡s ❛♥❞ ❞✐r❡❝t✐♦♥s

✈♦❧✉♠❡s ❉✐r❡❝t✐♦♥s

(S1 ∩ S5) P1235✱ P1245✱ P1345

(S2 ∩ S5) P1235✱ P1245✱ P2345

(S3 ∩ S5) P1235✱ P1345✱ P2345

(S4 ∩ S5) P1245✱ P1345✱ P2345

s♦♠❡ ❞✐r❡❝t✐♦♥s✳ ❚❛❜❧❡ ✻ ❣✐✈❡s t❤❡ ❞✐r❡❝t✐♦♥ ❢♦r ❡❛❝❤ ♦❢ t❤❡s❡ ✈♦❧✉♠❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈♦❧✉♠❡
(S1 ∩ S5)✳ ❇② t❤❡ ●❛✉ss✲❇♦♥♥❡t t❤❡♦r❡♠✱ t❤❡ ❛r❡❛ ♦❢ t❤❡ tr✐❛♥❣❧❡ ♦♥ t❤❡ s♣❤❡r❡ ✐♥ R3 ❞❡✜♥❡❞ ❜②
❞✐r❡❝t✐♦♥s P1235✱ P1245 ❛♥❞ P1345 ✐s ❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ❛♥❣❧❡s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ tr✐❛♥❣❧❡ ♠✐♥✉s
π✳ ❲❡ ❞❡♥♦t❡ ❜② γ1235✱ γ1245 ❛♥❞ γ1345 t❤❡ ❛♥❣❧❡s ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ tr✐❛♥❣❧❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞

❛t t❤❡ ✈❡rt❡①❡s P1235✱ P1245 ❛♥❞ P1345✳ ❆❧s♦✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛♥❣❧❡s δ1 = ̂P1235, P1245✱ δ2 = ̂P1235, P1345

❛♥❞ δ3 = ̂P1245, P1345✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ t❤❡ ●❛✉ss✲❇♦♥♥❡t ❢♦r♠✉❧❛✱ ✇❡ ❤❛✈❡

cos(γ1345) =
cos(δ1)− cos(δ2) cos(δ3)

sin(δ2) sin(δ3)

cos(γ1245) =
cos(δ2)− cos(δ1) cos(δ3)

sin(δ1) sin(δ3)

cos(γ1235) =
cos(δ3)− cos(δ1) cos(δ2)

sin(δ1) sin(δ2)

❲❤❡r❡

cos(δ1) = cos(δ2) = −3/13
(3 t− 4)

√
39√

240− 168 t+ 63 t2

cos(δ3) =
5

13

■t ❝♦♠❡s ❜② t❤❡ ●❛✉ss✲❇♦♥♥❡t t❤❡♦r❡♠ t❤❛t

vol(S1 ∩ S5) = γ1235 + γ1245 + γ1345 − π

= π − 2 arccos

(
3 t− 4

4
√
14− 8 t+ 3 t2

)
+ arccos

(
32− 8 t+ 3 t2

8(14− 8 t+ 3 t2)

)

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ♦❜t❛✐♥

vol(S2 ∩ S5) = vol(S3 ∩ S5) = 2π − arccos

(
3(−8 + 5t)

√
10

20
√
56− 44t+ 17t2

)

− arccos

(
(−24 + 5 t)

√
10

40
√
14− 8 t+ 3 t2

)

− arccos

(
3(16− 12 t+ 3 t2)

4
√
56− 44 t+ 17 t2

√
14− 8 t+ 3 t2

)

vol(S4 ∩ S5) = π + arccos

(
7

20

)
− 2 arccos

(√
10

20

)



■t ❝♦♠❡s ❢r♦♠ t❤❡ ❙❝❤❧ä✢✐✬s ❢♦r♠✉❧❛ t❤❛t✱

I(t) = vol(S1 ∩ S5)dα15 + vol(S2 ∩ S5)dα25 + vol(S3 ∩ S5)dα35 + vol(S4 ∩ S5)dα45

❲❡ ❤❛✈❡ t♦ ♠✉❧t✐♣❧② I(t) ❜② s✐① ❛♥❞ ❞✐✈✐❞❡ ✐t ❜② 8π2

3
t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❤②♣❡rs♣❤❡r❡ ✐♥ R5 t♦

♦❜t❛✐♥ t❤❡ ✜♥❛❧ ❞✐✛❡r❡♥t✐❛❧ ✈♦❧✉♠❡ − 9
4π2

∫ t

0
I(t)dt✳ ❆t t = 2✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤✐s ❞✐✛❡r❡♥t✐❛❧ ✈♦❧✉♠❡

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② P
C▼❛①

IC (4, 2,∞) t❤❛t t❤❡ ❈❈● ❢❛✐❧s t♦ ♠❡❡t t❤❡ ❈❈❋✳ ❚♦ ♦❜t❛✐♥ t❤❡

♣r♦❜❛❜✐❧✐t② PC▼❛①
IC (4, 2,∞) t❤❛t t❤❡ ❈❈● ❛♥❞ t❤❡ ❈❈❋ ❝♦✐♥❝✐❞❡✱ ✇❡ ❥✉st s✉❜tr❛❝t P

C▼❛①

IC (4, 2,∞)
❢r♦♠ 0.739 t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❜t❛✐♥❡❞ ❜② ●❡❤r❧❡✐♥ ✭✶✾✽✺✮✳

❘❡❢❡r❡♥❝❡s

❇❛r❜❡rà✱ ❙ ✱ ❲✳ ❇♦ss❡rt ❛♥❞ P✳❑✳ P❛tt❛♥❛✐❦ ✭✷✵✵✶✮ ✏❖r❞❡r✐♥❣ ❙❡ts ♦❢ ❖❜❥❡❝ts✑ ■♥ ❍❛♥❞❜♦♦❦ ♦❢

❯t✐❧✐t② ❚❤❡♦r② ❜② ❙✳ ❇❛r❜❡rà✱ P✳❏✳ ❍❛♠♠♦♥❞ ❛♥❞ ❈✳ ❙❡✐❞❧✱ ❊❞s✳✱ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱
❉♦r❞r❡❝❤t✲❇♦st♦♥✱ ❱♦❧✳✷✱ ❈❤✳✶✼✳

❈♦①❡t❡r ❍✳❙✳▼ ✭✶✾✸✺✮ ✏❚❤❡ ❢✉♥❝t✐♦♥s ♦❢ ❙❝❤❧ä✢✐ ❛♥❞ ▲♦❜❛ts❝❤❡❢s❦②✑ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡✲

♠❛t✐❝s ✻✿ ✶✸✲✷✾✳

❋✐s❤❜✉r♥✱ P✳❈✳ ✭✶✾✽✶✮ ✏❆♥ ❛♥❛❧②s✐s ♦❢ s✐♠♣❧❡ ✈♦t✐♥❣ s②st❡♠s ❢♦r ❡❧❡❝t✐♥❣ ❝♦♠♠✐tt❡❡s✑ ❙■❆▼ ❏♦✉r♥❛❧

♦♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✹✶✱ ✹✾✾✲✺✵✷✳

●❡❤r❧❡✐♥✱ ❲✳❱✳ ✭✶✾✽✺✮ ✏❚❤❡ ❈♦♥❞♦r❝❡t ❝r✐t❡r✐♦♥ ❛♥❞ ❝♦♠♠✐tt❡❡ s❡❧❡❝t✐♦♥✑ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❛❧

❙❝✐❡♥❝❡s ✶✵✱ ✶✾✾✲✷✵✾✳

●❡❤r❧❡✐♥✱ ❲✳❱✳ ✭✷✵✵✻✮ ❈♦♥❞♦r❝❡t✬s P❛r❛❞♦①✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✳

●❡❤r❧❡✐♥✱ ❲✳❱ ❛♥❞ P✳❈✳ ❋✐s❤❜✉r♥ ✭✶✾✼✻✮ ✏❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♣❛r❛❞♦① ♦❢ ✈♦t✐♥❣✿ ❆ ❝♦♠♣✉t❛❜❧❡
s♦❧✉t✐♦♥✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✶✸✱ ✶✹✲✷✺✳

●❡❤r❧❡✐♥✱ ❲✳❱ ❛♥❞ ❉✳ ▲❡♣❡❧❧❡② ✭✷✵✶✵✮ ❱♦t✐♥❣ P❛r❛❞♦①❡s ❛♥❞ ●r♦✉♣ ❈♦❤❡r❡♥❝❡✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✳

❑❛♠✇❛✱ ❊ ❛♥❞ ❱✳ ▼❡r❧✐♥ ✭✷✵✶✼✮ ✏❈♦✐♥❝✐❞❡♥❝❡ ♦❢ ❈♦♥❞♦r❝❡t ❝♦♠♠✐tt❡❡s✑ ❋♦rt❤❝♦♠✐♥❣ ✐♥ ❙♦❝✐❛❧

❈❤♦✐❝❡ ❛♥❞ ❲❡❧❢❛r❡✳ ❉❖■✿ ✶✵✳✶✵✵✼✴s✵✵✸✺✺✲✵✶✼✲✶✵✼✾✲③

❑❡❧❧❡r❤❛❧s✱ ❘✳ ✭✶✾✽✾✮ ✏❖♥ t❤❡ ✈♦❧✉♠❡ ♦❢ ❤②♣❡r❜♦❧✐❝ ♣♦❧②❡❞r❛✑ ▼❛t❤✳ ❆♥♥❛❧❡♥ ✷✽✺✱ ✺✹✶✲✺✻✾✳

▼❡r❧✐♥✱ ❱✱ ▼✳ ❚❛t❛r✉ ❛♥❞ ❋✳ ❱❛❧♦❣♥❡s ✭✷✵✵✵✮ ✏❖♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛❧❧ ❞❡❝✐s✐♦♥ r✉❧❡s s❡❧❡❝t t❤❡
s❛♠❡ ✇✐♥♥❡r✑ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❊❝♦♥♦♠✐❝s ✸✸✱ ✶✽✸✲✷✵✼✳

▼❡r❧✐♥✱ ❱✳ ❛♥❞ ❋✳ ❱❛❧♦❣♥❡s ✭✷✵✵✹✮ ✏❖♥ t❤❡ ✐♠♣❛❝t ♦❢ ✐♥❞✐✛❡r❡♥t ✈♦t❡rs ♦♥ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ s♦♠❡
✈♦t✐♥❣ ♣❛r❛❞♦①❡s✑ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s ✹✽✱ ✸✹✸✲✸✻✶✳

▼✐❧♥♦r✱ ❏✳ ✭✶✾✽✷✮ ✏❍②♣❡r❜♦❧✐❝ ●❡♦♠❡tr②✿ t❤❡ ✜rst ✶✺✵ ②❡❛rs✑ ❇✉❧❧ ❆▼❙ ✻✱ ✾✲✷✹✳

❙❛❛r✐✱ ❉✳● ❛♥❞ ▼✳ ❚❛t❛r✉ ✭✶✾✾✾✮ ✏❚❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ❞✉❜✐♦✉s ❡❧❡❝t✐♦♥ ♦✉t❝♦♠❡s✑ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②
✶✸✱ ✸✹✺✲✸✻✸✳

❙❝❤❧ä✢✐✱ ▲✳ ✭✶✾✺✵✮ ❚❤❡♦r✐❡ ❞❡r ❱✐❡❧❢❛❝❤❡♥ ❑♦♥t✐♥✉✐tät✱ ●❡s❛♠♠❡❧t❡ ▼❛t❤❡♠❛t✐s❝❤❡ ❆❜❤❛♥❞❧✉♥❣❡♥
✶✳ ❇✐r❦❤ä✉s❡r✱ ❇❛s❡❧✳

❚❛t❛r✉✱ ▼ ❛♥❞ ❱✳ ▼❡r❧✐♥ ✭✶✾✾✼✮ ✏❖♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ♦❢ t❤❡ ❈♦♥❞♦r❝❡t ✇✐♥♥❡r ❛♥❞ ♣♦s✐t✐♦♥❛❧ ✈♦t✐♥❣
r✉❧❡s✑ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s ✸✹✱ ✽✶✲✾✵✳


