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NULL CONTROLLABILITY OF SALMONELLA SPREAD
WITHIN AN INDUSTRIAL HEN HOUSE

G. MOPHOU, P. ZONGO, AND R. DORVILLE

ABSTRACT. The main purpose of this paper is to propose a deterministic
mathematical model with control variable which describes the spatiotemporal
spread of Salmonella within a laying flock. This model assume an indirect
transmission of the disease within the flock through the bacteria density in the
environment. We provide a mathematical analyze of the null controllability
of the model: we begin to construct a family of solutions to the linear null-
controllability problem using the Carleman inequality. Then, by a generalized
Leray-Shauder fixed point theorem, we show that one can bring the system to

rest at final time T.

1. INTRODUCTION

Salmonellosis is an infectious disease of humans and animals caused by Salmonella
bacteria. The bacterium is commonly found in farm leading to contamination of
poultry products, mostly eggs and egg products. Contamination of fruits and veg-
etables may occur when they have been fertilized or irrigated by faecal wastes.
Here, we will focus on salmonella spread within industrial hen house.

Models have already been proposed to study Salmonella spread within industrial
hen house [1, 10, 16, 17, 18, 21, 22]. But from the best of our knowledge, no model
considered the null controllability of this food-borne illness. A biological system is
said to be null controllable at time T if there exists a control such that the solution
of system is null at time 7. In the particular case of salmonellosis model, a solution
of system represents both density of infected hens and the density of bacteria; a
control within hen house might be an antibacterial cleaning products to eliminate
the bacteria in environment or the management of ventilation system to limit the
dispersal of bacteria in environment or other control type.

In what follows, we consider the following system modeling the salmonella spread

within industrial hen house:
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(1a) % =—05(z,t)C(z,t) in Q,

(1b) o gi Y oS0t i O

(1c) % — DAC(z,t) + aC(z,t) — B(t)I(z,t) = v(x, t)Xw,
(1d) aa—f =0 on X,

(1e) C(z,0) =Co(z) in

(1f) S(x,0) = Sp(z) in Q,

(1g) I(z,0) = Ip(x) in €.

where N, M € IN\{0} and Q is a bounded open subset of R" with boundary T
of class C2. Here, w is an open non empty subset of 2, Q@ = Qx(0,T), wr = wx(0,T)
and ¥ =T x (0,T) for a time T > 0.

In equation (1), C(x,t) denotes the density of bacteria in the environment at
time ¢ and position z, S(x,t) denotes the density of susceptible hens at time ¢ and
position z, I(x,t) denotes the density of infectious hens at time ¢ and position z.
v(x,t) denotes the variable control on which one acts to reduce over time the density
of bacteria within hen house. X, is the characteristic function of the control set w
and v denotes the unit outward normal vector to I'. The term [5(¢)I(z,t) represents
the density of excreted bacteria by infectious hens at time ¢ and position x. Because
the quantity of fecal shedding by infected hens can fluctuate over time, we assume
that the excretion rate 8 is depending on time ¢. The parameters o, o and D
denote respectively the transmission rate, the mortality rate of the bacteria and
the diffusion coefficient for their dispersal in the environment. Furthermore, we
assume that o, a and D are constant and positive. The domain 2 represents an
industrial laying hens house in which the population of laying hens is confined and
assumed motionless. The variable control is introduced in order to understand how
to eliminate salmonella at a final time ¢ = T" when disease was already introduced
at a previous time ¢t = 0. As in [1, 22], we assume that Salmonella disperses in the

hens house via a diffusion process through dust particles, contaminated aerosols.

2. PRELIMINARY

Before going further, we need to reformulate the problem (1) in terms of a scalar
non-local parabolic equation. We proceed as in [1]. Thus, coming back to (1), one

obtains that the quantity

S(x,t) + I(x,t) = So(z) + Ip(z) in Q.
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The integration of equations (1a) and (1b) allows us to reduce the system (1) to
the following problem

(0.) = Sala)eJi Clri,
I(x,t) = Io(il,‘) —+ SO(.T)(I _ efafot C(S,a:)ds)7

(2) 9l _ DAC(x,t) + aC(x,t) — B(t)I(2,t) = v(z,t)xw in Q
3£ =0 n X
ov © ’

C(z,0) =Co(z) in Q.

This allows us to reduce the problem to the following simplified scalar equation

for C' in which the state variable S and I has been eliminated

(3)

%—f—DACJraC—B(t) (To(@) + So(@)(1 — e~ €)= oy, in
9C _ b

v o ’

C(z,0) = Cp(z) in Q.

In what follows, we normalize the diffusion coefficient D to 1 by using the rescaling
x = z/vD and we focus on the situation when the initial distribution of infectious

hens, namely Io(z) = 0. Thus, system (3) can be rewritten as:

t
T -actac—sosor ([ cesis) = v woa
0
(4) £ =0 on X
v 7
C(z,0) = Co(z) in O

where a@ > 0 and o > 0. The real function F' is given by F(z) = 1 — e 7% for any
z € IRT. Note that the function F is of class C! on IRT and globally Lipschitz.
Moreover F is such that |F(z)| < o|z].

We are now interested by the following null controllability problem: Given a >
0,0 >0, 8 € L®0,T), Cy € L*(Q) and Sy € L*°(Q), find a control v € L?(wr)
such that if C is solution to (4) then C' satisfies

(5) CT)=C(z, T)=0 inQ.

There are many literature on null controllability for parabolic equation. Indeed,

consider the following parabolic equation:

(6) %

where v is the control, B is a linear continuous operator defined on the control

Ay + f(y) = Bv with y(0) = 3°,

space and f is a suitable function. The function ¢° is given.
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In the linear case, D. Russell in [19] has proved that exact controllability for the
wave equation implies exact controllability for the heat equation. Later on Lebeau
and Robbiano in [9] solved null boundary controllability of (6) in the case f = 0
using observability inequalities deriving from Carleman inequalities. At the same
time, O. Y. Imanuvilov and A. Fursikov in [2] obtained the same result for more
general operators including variable coefficients and nonzero potentials using more
directly global Carleman inequalities for the evolution operator. In [7], D. Tataru
showed that for linear equations, local and global controllability are equivalent
and hold for any time T > 0. Considering a linear Fourier boundary condition,
E. Fernandez-Cara, M. Gonzdlez-Burgos, S. Guerrero and J.P. Puel in [5] use the
Carleman estimate for the weak solution of heat equation with non-homogeneous
Neumann boundary conditions to prove the null controllability of (6). In [13],
O. Nakoulima gives a result of null controllability for of (6) with constraint on a
distributed control. His results is based on an observability inequality adapted to
the constraint.

In the nonlinear case, the problem of finite dimensional null controllability is
studied by E. Zuazua in [8]. The author proved that for a rather general and natural
class of non-linearities, the problem is solvable if the initial data are small enough.
In [2] A. Fursikov and O. Yu. Imanuvilov showed that, when the control acts on the
boundary, null controllability holds for bounded continuous and sufficiently small
initial data. Let us also mention results in [28, 24], where the methods in [2] have
been combined with the variational approach to controllability in [29] to prove null
controllability results for (6) with nonlinearities that grow at infinity in a super
linear way.

When nonlinear term contains gradient terms, O. Yu. Imanuvilov and M. Ya-
mamoto showed in [25], by using Carleman inequalities in Sobolev spaces of negative
order, that global exact zero controllability of (6) holds when the semilinear term
has sublinear growth at infinity. Later on Doubova et al.[23] proved that system
(6) is null controllable at any time if the nonlinear term f(y, Vy) grows slower than
ly[log® 2 (1 + |y| + | Vy|) + | Vy|log" (1 + |y| + |Vy|) at infinity. In [26], G. Mophou
proved that the null controllability problem with a finite number of constraints
on the state for (6) involving gradient terms holds. Her results is based on an
observability inequality adapted to the constraint.

In the case null controllability of parabolic equation with nonlocal linearities,
few result are known. We refer for instance to the work of E. Fernandez-Cara et al.
[6] where the authors proved a local null controllability for the following parabolic

equation



DAty = v W Q
Y = 0 on X,
y(0) =y i Q
where
N

0%y
Alt)y = Aii(y(,b),t ,
W= 3 Aot 05, 5

the functions A;; are given in a suitable space and can have the form

Aii(y(,1),t) = cij </Q y(x,t) dx>

with ¢;; which are positive reals. Also in [30], O. Traoré establishes a null control-
lability result for a nonlinear population dynamics model in which the birth term
is nonlocal.

In this paper we consider the nonlocal parabolic system (4). Then assuming that
2
(7) a|ﬁ|%°°(0,T)T302|SO|i°°(Q) <1,

we prove that one can bring the system to rest at time T. More precisely, we show

the following results:

Theorem 2.1. Let Q be a bounded open subset of IRY with boundary T of class C2
and w a non-empty open subset of I'. Assume that (7) holds. Then there exists a
positive real weight function 0 (a precise definition of 6 will be given later on) such
that, for any a > 0 and o > 0, for any function Sy € L>(Q), Cy € L*(), and any
function B € L°°(0,T) with 8 € L>=(Q) , there exists a control v € L*(wr) such
that (v, C) with C = C(v) is solution of the null controllability problem (4)-(5).

The proof of the null controllability problem (4)-(5) lies on the existence of a func-
tion A, a Carleman inequality (see Subsection 3) and a generalized Leray-Shauder

fixed point theorem.

The paper is organized as follows : Section 3 is devoted to resolution of a linear
null-controllability problem. In this section, we construct by means of Carleman
inequality a family of controls that can bring the associate states to rest at time 7.
Then we prove that among these controls, there exists one of minimal norm in the

control space. The proof of Theorem 2.1 is given in Section 4.

3. STUDY OF A LINEAR NULL-CONTROLLABILITY PROBLEM

In this section, we construct a solution to the following linear null controllability:
Given a > 0, 0 > 0, Sy € L=(Q)), B € L>=(0,T), Cy € L*(Q) and b € L*(Q), find
a control v € L?(wr) such that, if C is solution of
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0 AC—aC - BSo@blat) = vy - Q
(8) ¢ - 0 on %,
v
C(z,0) = Co(z) in Q
then
(9) C(T)=0in Q.

First of all, observe that if « > 0 and ¢ > 0, functions b, Cy, and Sy belong to
L2(Q), L?(R2) and L>(Q) respectively, and the control function v is in L?(Q) then
the system (8) has a weak solution C € L2((0,T); H*(Q)) N C([0,T], L*()) in the
sense that C satisfies (see [12])

C e L*((0,7); H' () nC((0, T}, L*(2)),
<%(x,t),¢(w,t)>(H1(Q)),,(H1(Q))+ /Q VO(2,1).Vé(x, t)da+
(10) a /Q Cla,t)(x, t)dz + /Q B(1)So(2)b(x, £) b(x, t)dz —

/w o(@, Do, dz, ace. in (0,T), V6 € H Q)

with the initial condition:C/(z, 0) = Co(z)

where (H'(€))" is the dual of H*(£2).
To prove the null controllability of (8) and (9), we use an observability inequality
which is consequence of the global Carleman inequality [3]. So, let us consider an

auxiliary function ¢ € C?(2) which satisfies the following conditions:

U(zx) >0 Vel
(11) IV¥| >0 Vo e Q\w'
U(x)=0 onT

where w’ CC w is an nonempty open set. Such a function 1) exists according to A.
Fursikov and O. Yu. Imanuvilov [2].
For (z,t) € @, we define for any positive parameter value A > 1 the following weight

functions :
. V(@)
t) =
W2\ ¥ _ A U(2)
(13) n(w,t) =

HT — 1)



From now on, we adopt the following notations

L = 9 A+ al,
Bta
L* = ———-A+al,
(14) %
Ly = —=—-A
ot 5
YV = {peC>=(Q), 8—5200112}
where a > 0 and [ is the operator identity.
For any f € L?(Q), let p be a solution to
Lop = f(z,t) in  Q,
(15) 9 = 0 on X,
ov
plx,T) = 0 in Q.

Then the following result holds.

Proposition 3.1. [5] There exist A*, o* and K only depending on © and w such
that, for any A > \* and any s > s*(\) = o*(e*¥I=T + T2) | the solution to (15)
satisfies

16)
T
o 1 (|9p
/o /Qe 2n<(5‘p) 1(815
T T
<K [/ /96_2”’ \Lip|? dadt + 53)\4/ /6_25”903 | dx dt] .
0 0 Jw

Now, if we write L§p = L* p — ap, the inequality (16) holds for fixed for any
A > \* and any s > s*(\) = 0*(e?M¥lT + T?). Therefore, observing that

T
//6725"\L6p|2dxdt§
0. /0
T T
2 //6_2”’|L*p\2dmdt+a2/ /6_28"|p|2d:£dt,
0o Ja 0o Jo

T
and choosing s and ) sufficiently large depending on «, we absorb the term 2a2/ /67257’|p|2 dx dt
0 Jo

+ Apl2> + X\ |Vpl” + 57\ Ipl2> dz dt

in the left hand side and we deduce from (16), the following result.

Lemma 3.2. There exist \*, o* and K only depending on €2, w and a such that,
for any X > X and any s > s*(\) = o*(eM¥l=T + T?), the solution to (15)

satisfies

/ / 28 |l de dt
T
<K / / “IATte T2 | L7 pf? d:cdt+/ /6_2‘”’@3 Io|? dmdt}-
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Remark 3.3. From now on, we will denote by K(X) a generic positive constant
whose value varies from a line to another but depending on X.

In view of the definitions of 7 and ¢ given respectively by (12) and (13), we have
that e=257% and e~2%7 belong to L°(Q). Therefore, we set

1 —2s
(18) 97:¢3€ 2o

and we deduce from (17) that
(19)

T
/ / 9%|p|2 dedt < K(Q,w,a,T)
0o Jo

T T
/ /|L*p|2 dxdt+/ /|p|2 drdt| .
0 Q 0 w

Moreover, proceeding as in [20] we can prove using (17) that the following inequality

T T
/ /|L*p|2 dxdt+/ /|p|2 dxdt].
0 Q 0 w

We can now construct a solution to (8) and (9). Thus, consider the following

of observability holds:

(20) /Q|p(0)|2 da dt < K(Q,w,0,T)

symmetric bilinear form

T T
(21) a(p, p) :/ /L*pL*,ﬁdzdtJr/ /p,ﬁd:vdt.
0 JQ 0 Jw

According to (19), this symmetric bilinear form is a scalar product on V. Let V'
be the completion of V with respect to the norm:

(22) p = llpllv = valp,p).

The closure of V is the Hilbert space V.

Let 6 be defined as in (18) and 5 € L*°(0,T) be such that 88 € L>(Q). Then,
thanks to Cauchy-Schwartz’s inequality, (19) and (20), the following linear form
defined on V by:

T
pr—>/0 /Q,B(t)So(:z:)b(x,t)pdzdtJr/QCop(O)dz

is continuous on V. Therefore, Lax-Milgram’s theorem allows us to say that, for
every Cy € L?(Q2), Sop € L>(Q), b € L*(Q) and for any 5 € L°(0,T) such that
08 € L>(Q), there exists one and only one solution py in V of the variational
equation :

23)  alpo.p) = /Q B()So(2)b(x, £) pda dt + /Q Cop(0) dz, ¥p e V.

In others words

/L*pg L*pdzx dtJr/ p po dxdt = /B(t)SO(x)b(:r,t)pdxdtJr/ Cop(0)dx, Vpe V.
Q wr Q Q
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Proposition 3.4. For any Cy € L?(Q), Sop € L>®(Q) b € L*(Q) and for any
B € L*>(0,T) such that 85 € L>(Q), let pp be the unique solution of (23). Set

(24) Vg = —PoXw
and
(25) Ce = L*pg.

Then the pair (vg,Cy) is such that (8) and (9) hold. Moreover, there exists K =
K (Q,w,T,a) > 0 such that

(26a) lpelly < K [|Colr2q) + 108]o(@) S0l @)lblL2(@)] »
(26b) [00ll L2 (opy < K [|ColL2(@) + 10815 (@) S0] L () 1bl2 ()] »
(26(3) HCGHLQ(O,T;Hl(Q)) <K [lCO‘Lz(Q) + ‘9ﬁ|LW(Q)|SO|L°°(Q)|b|L2(Q)} .

Proof. One proceeds as in [14, 15], using the variational equation (23) and
inequalities (19) and (20).

Remark 3.5. Since vy and yy depends on 6, (vg,yp) is a family of solution of the
null controllability problem (8) and (9).

Proposition 3.6. Under the assumption of Proposition 3.4, there exists a unique

control @ such that

(27) 4] 22 (wr) = min 9] 12 (4
veE

where
&= {17 € L*(wr)| (v,C = C(v)) verifies (8), (9)} .
Moreover, there exists K = K (Q,w, 0, T, @) > 0 such that

(28) ]l 12(py < K [IColz2(0) + 108|100 (@) S0l Lo< (2 bl 22 ()] -

Proof. According to Proposition 3.4, the pair (v, Cp) satisfies (8) and (5).
Consequently, the set £ is non empty. Since &£ is also a closed convex subset of
L?(wr), we deduce that there exists a unique control variable @ of minimal norm
in L?(wr) such that (11, C= C(ﬁ)) solves (8) and (9). This means that

@]l 22(wr) < llvoll 22 (ur)-

Hence, using (26b), we obtain (28). [ |

Proposition 3.7. Let @ be the unique control verifying (27). Then

(29) '& = 7ﬁXw
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where p € V is solution of

(30a) L*p =0, in Q,
(30b) % =0, on X.

Moreover, there exists K = K (Q,w, a, T, @) > 0 such that
(31) ]| 22 (wr) < K [|Colz2(9) + 1081 (@) S0] Lo (2 bl 22 ()] -

To prove Proposition 3.7, we use a penalization argument and we proceed in
three steps.
Step 1. For every € > 0, we consider the functional

1 1 )
(32) Je(v) = §|U|2L2(wT) T 5 IC(T)12(0)
The functional J. is well defined since C € C([0, T, L?(2)).
The optimal control problem is then to find v. € L?(wr) such that

(33) Jo(ve) = vei%i(I:JT) J(v).

It is classical to show that there exists a unique solution v, to (33) (see for example
[12]). If we write C. the solution to (8) corresponding to v, using an adjoint state

Pe, the triplet (Ct, pe, ve) is solution of the following first order optimality system

LC. = B®)So(x)b(z,t) +vex  In @,
(34) 9C.  _ 0 on X,
v
CE(O) = OO in Q,
L*p. = 0 in Q,
dpe
(35) apy = 0 on X,
ps(T) - écs(T) in Q.
(36) Ve = —PeXw-

Step 2. We give estimates on the control v, and on the state and adjoint state
C. and p..

Multiplying the state equation (34) by p. and integrating by parts over @, we
obtain that

/C ) pe(T /C 0) pe(0 dm+/ /ﬂ )So(x)b(z, 1) pe(x, t)da dt
/ /vgpedxdt
0
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and in view of (35)3 and (36) we get,

1
“1CT) Ry + 0oy = /Q Co p.(0) da

T
+ / B(t)So(z)b(x,t) pe(,t)dx dt.
0 Q

Therefore, using (19), (20) and (35)1, we have

2J(ve) K(Q,w,T,a)|Co|r20)lpe| L2 (wr)

<
1
+ 0Bl @ SolL~@bl2Q) | 5re
L2(Q)
< K(Qw,T,a)[|Colrz) +108] L) S0l L @) bl 22(Q)] |Pel 22 (wr)

which in view of the definition of J. and (36) implies that

(37a) |Co(T)|L2(0) SVEK(Q,w, T, a) [|Colr2(q) + [08] L ()10l L) bl2(q)] »
B7D)  |oelrrr) £ K(Qw, T, ) [|Colrz@) + 08| Lo () [S0| L= ()bl 22 ()] -

Hence, in view of (34), we deduce that there exists

K = K(Q,w,T,a,|08]L>q),|8z<0,1): S| () >0
such that
(38) |Ce 20,31 (2)) < K [|Colr2(0) + 1bl2(0)] »

and by standard arguments, we can prove that,

’ 0C.

(39) 5

< K [|Colr2(a) + [blr2(q)] -
L2(0,T;H-1(Q))

From (38) and (39), we obtain that

(40) Celw o)) < K [|Colr2(e) + 1blz2(@)]
where
an W) = {pe L(O.1) @), G € L20.Ti - e)

On the other hand, as p. is solution of (35), using (19), (36), (37b) and the definition
of the norm on V given by (22), we deduce that

1
(42) ‘ gpe

< K(Qw, T, ) [|Colrz) + 08| L=(0) S0l L=(0)|bl22(0)] ,
L2Q

(43) lpely < K(Q,w,T,a) [|Colr2@) + 108~ @) S0l L) bl 2(0)] -
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Step 3. In view of (37), (40) and (42), we can extract subsequences of (v.),
c)

(C¢) and p. (still called (v.), EC’ and p.) such that

(44) C(T) — §=0 strongly in  L?(Q),

(45) Ve — D weakly in  L*(wr),

(46) c. —~ C weakly in - W (0,7,
(47) Pe — P weakly in Lz(é, Q).

Therefore, we can prove by passing (34) to the limit when ¢ tends to 0 that C is
solution of

LC = B(t)So(z)b(x,t) +Tx0  in Q,
(48) ¢ _ on %,
ov

and verifies
c(T)=0
since by (44) and (46),
C.(T) — 6 =C(T) =0 strongly in L%(Q).

Therefore it is clear that (9,C) verifies (8)-(9) and there exists a solution to the
null controllability problem. Moreover, because of (37b), (43) and (36) we see that

(49) pPe — P weakly in  L%(wr),
(50) Pe — P weakly in V.
Therefore, it is clear from (35) that p satisfies

L*f=0 in Q,

51 )

(51) @ =0 on X
ov

on the one hand, and on the other hand,

(52) b= — X

since (36), (45) and (49) hold.
As it has been shown in Proposition 3.6 that we can find a unique 4 € £ (ad-
missible control) such that 4 is of minimal norm in L?(wr). As 9 € &,
1 R 1, .
§|U€‘%2(WT) < Je(ve) < Je(a) = §‘U|QL2(UJT)

and
1. . 1
§|U|2L2(wT) < §\U|2L2(WT)-
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But because of (45),

.ol 2 Lo
11?361f§|U5|L2(wT) > §|U|L2(wT)'

Therefore we have

V=1
and
(53) Ve = U strongly in ~ L*(wr).
Writing p = p we have
(54) = pXw

Finally from (37b), (45) and (53) we deduce (31). This finishes the proof of Propo-
sition 3.7. n

4. PROOF OF THE MAIN RESULT

For z € L?(Q), let b = F(z). Then according to Proposition 3.7 there exists a
control @ verifying (31) such that the pair (i, C' = C(a)) satisfies the null control-
lability (8) and (9). Then we defined for z € L?(Q), II(z), the nonempty set of all

¢

/ C(z, s)ds where C' = C(v) solves (8) and verifies (9), the control v verifies (31).
0
It suffices now to prove that IT which is a multivalued mapping of L?(Q) has a fixed

point to complete the proof of Theorem 2.1. To this end we use the generalisation

of the Leray-Schauder fixed point theorem [4]. So, set
N ={z€L*Q), I € (0,1), 2 € (TI(2)}.
Then we have the following results

Proposition 4.1. Let F be defined as in Section 1. Then

(i) II is a compact multivalued mapping of L?(Q).

(ii) For all z € L?(Q), II(z) is a nonempty closed convex subset of L?(Q).
(iii) N is bounded in L?(Q).
)

(iv) II is upper semicontinuous on L?(Q).

Proof. ¢« We prove the compactness of II..

Let z € L*(Q) such that |z]12(g) <, 7 > 0. Consider (¢,), C II(2). Then from
the definition of II, for all n, there exists a pair (v,,Cy,) € L?(wr) x L?(Q) such
that ¢, = fo (x s) ds , v, verifies (31) and the associate state C, is solution
of (8) with b(z,t) (fo z(x, s ds) and satisfies (9) . This means that the pair
(vn, Cy) satisfies
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"’;” ' +aCh, <t)so<m>F(/0tz<x,s>dZ>= veXe, I Q

(55) 0 = 0, on X,
ov
Cul0)= Co, in O
and

Moreover, in view of (31), there exists K = K (Q,w,a,T) > 0 such that
(57)

loallzzery < K [|co|m(m + 10811~ @l Sol =) [F (Jy 2(z,5) ds)

L?(QJ '
Since |F(z)| < o|z|, this latter inequality yields

(58) vnllL2(@wr) < K [|Colr2(a) +108]L2(@)|Sol L= @yo 7] -

Multiplying (55) by C,, and integrating by parts over @, we obtain

T T
/ /|VCn|2dxdt+a/ /|On\2d:1;dt = /|CO|2d:c+/ /Unwa' dx dt
0 Q 0 Q

- /5 (1)Sol (/ 2z, 5)d )cndxdt,
which by using Young inequality gives

v B2 oS0l v
2#0 2)Jo Ja
2ColRay + 5 / / on 2z it + B2 1813 0,1 S0l 7,

for any po > 0. Therefore choosing p such that

5200 S, 200
(Oé |L (0,T)| O‘L () >a/4

2 2410

2
. That is, po > *W‘%w(o T)‘SO|%°°(Q) and using (58), we have that
o :

T T
min(1, o /4) (/ /|VC’n|2dxdt+/ /|On2d:z:dt> <
0 Q 0 Q

1 2
|C0|L2 o)t *Kz [[Col 20y + 10B] L= (@)|Sol = @yor] ™ +
% ()
0
|5|Loo(oT)|50|Loo(9)‘7 r? <
|co|L2 oy + K2 [|Col2agy + 10813 |0 ey 2] +

0
2 |B|L°°<0,T>|SO|L°°<Q>" “r’
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where K = K (Q,w,«,T) > 0. Hence, there exists K = K (Q,w,«,T) > 0 such
that
(59)

1 1 K?
1Cnl20.mm1 () < W [(2 + ) 1Col72(0)

K Ko
+ ?‘QB&OC(Q)'SOlLOO(Q) + 2|16L°°(07T)|SO|%°C(Q)> 027“2} ‘

2
Consequently, by standard argument we can prove that for any po > — |ﬂ\%w(o ) \So|%oc(9),
o ;
there exists a constant K = K (Q,w, a, T, |B| L0, 08| L (Q) |SO|L<X>(Q),;L0) >0
such that such that
aC, |
ot

< K (IColx(q) +0*r%).

L2(0,T;H~1())

Thus, combining this latter inequality with (59) we obtain that
2
(60) ICnlw o < K <|00|%2(Q) + 027“2>

with K = K (Q,w,, T, |B| e (0,1); |95|Loo(Q) |So| Lo (), o) > 0.
On the other, we have that ¢,, = fo (z, s) ds verifies

% —App+ap, = 0, in Q,
(61) Opn = 0 on X,

v

©n(0) = 0 in

where

O, = Co+ /Ot vn (2, 8)Xwds + So() /Ot B(s)F (/0 (2, 7) d7> ds.

Observing in the one hand that,
2

IA

T3|U”|%2(WT)

t
/ Un (T, 8)Xwds
0

L2(Q)
< 2T3K (Q,w,a,T)2 (|CO‘QL2(Q) + ‘9,8|2Lm(Q)|So|%oc(Q)O'2 ’/‘2>

since (58) holds, and on the other hand that,

s [ s ([ @,ﬂdT)df

we deduce that
|®"|2L2(Q) S 3(T+2T3K (Q,W,Q,T)2)|Co|%2(9)
2
43 (2T3K(Q,w,a,T) 1083 ) + |ﬁ\iw(Q)T2) 15012 (7% 12

< 1Bl |50l 700 (00" T,
12(Q)

Thus, there exists K = K (Q,w,a,T, 8|10, |08|1q): [S0|1=()) > 0 such
that
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(62) |@ |L2(Q) < K <|CO|L2(Q +0'2 TZ)

Multiplying (61) by ¢, and integrating by parts over @, we deduce that

/ /|V<pn| dmdt—i— a—a/ /\gon| dedt < —/ /|® ?dx dt.

This implies that

T T 1 T
min(1, a/2) / /|V<pn|2dxdt—|—/ lon2dedt) < 7/ /|®n|2dxdt.
o Ja 0o Ja 200 Jo Ju

Hence, in view of (62), there exists K = K (Q,w, a, T, |B| 1 (0,1), 08| (q), 50| L (0)) >
0 such that

(63) (nl320.m,m (@ de dt < K (ICol2aq) + 02 r2).

O,

(0,T; H-1(2)). This
means that ¢, is bounded in W(0,T). As by the Aubin-Lions Lemma, the imbed-
ding of W(0,T) in L?(Q) is compact, we conclude that IT is compact.

e We prove that I1(z) is a nonempty closed convex subset of L?(Q).

It is clear that for all z € L?(Q), we have that II(z) is a nonempty convex set.
Let (p,) C II(2) such that ¢,, — ¢ in L?(Q). It suffices to prove that ¢ € II(2) to
obtain that I1(2) is a closed subset of L?(Q). Since ¢, = fo (z,$) ds where C),
is solution of (55) and satisfies (56) with v, verifying (57), we can say that v, and
C,, verifies (58) and (60) respectively. Consequently, there exists subsequences of
(vp) and (Cy,) still denoted by (v,,) and (Cy,) such that
(64) vp — v weakly in L*(wr),

(65) C, — C weaklyin W(0,T).

Since the imbedding of W(0,T) in L?(wr) is compact, we have
(66) C, — C strongly in L?(wr).

Therefore, we have

¢ t
:/ Cn(x,s)d5—>g0:/ C(z,s)ds
0 0

and since F' is continuous on IR,

67) F(pp)=F (/Ot Cou(z, 5) ds) S F(p)=F </Ot Oz, s) ds) .
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Then, using (64), (65), (66) and (67) while passing (55) and (56) to the limit when
n tends to oo, one obtains that the pair (v,C = C(v)) satisfies

ot
(68) 8£: 0, on X,
v

c0)= Cp, in Q
LZ(Q)]
where K = K(Q,w, o, T). Hence, ¢ € II(2).
e We prove that N is bounded in L*(Q).
Let z € N. Then there exists ¢ € (0,1) such that %z € II(2). Consequently there
exists a pair (v,C=C(v))€ L*(wr) x L*(Q) such that z = (fg C(x,s)ds where C

t
oc _ AC + aC + B(t)So(z)F (/ z(x, s) ds> = UXw, In Q,
0

and (9). Moreover, in view of (57) and (64), we deduce that

F(/Otz(a:,s)ds>

(69) [[vllr2(wr) < K

|ColL2(q) + 08| (0)|So|L= ()

t
satisfies (68) and (9) with b(z,t) = F (C/ C(z, s) ds), the control v verifies (31).
0

This means that

IN

0l L2 (wr) K(Qw,a,T) |[Colr2() + 08| L= (@)|S0|L=(0) [F (Z)|L2(Q)}

< K((Lw,a,T) |Co|L2(Q) +U|9/3|LOO(Q)|SO‘LOC(Q) |Z|L2(Q)} .

Therefore, proceeding as for (59) we obtain that for any po > %|5|2Loo(0 7) |50|2Loo(9)
there exists there exists K = K (Q,w,a,T) > 0 such that

o < 1 1 K? o2
| ‘LQ(O,T;Hl(Q)) — mlngl,a/él) §+F ‘ O|L2(Q)

K Ho
+ ?Wﬂﬁw((g)\soﬁw(m + 2|5|2Lm(o,T)|50|%oo(Q)> 02|Z|2L2(Q):| .
This implies that
(70)

1 1 K2
C|? < —— |+ — G2
Clizg) = min(1, a/4) Kf“ o ) 0l22(0)

K Ho
+ (a|9»3|2Lw(Q)SO|%oo(Q) + 2|B|%°°(O,T)|SO|%°°(Q)> 022|2L2(Q)] .

with K = K (Q,w,a,T) > 0. As

2

t
(71) |z|2L2(Q) = ‘C/o c(x,s)ds

< T3|C|%2(Q)u
L*(Q)

using (70), we deduce that
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T30'2|S0|% K2

> () 2 Mo 2 2

~ min(1,/4) (ame“’(Q) + 2|5|Lw(o,T)> 2[220) <
T3 1 K?

- - - - C 2

min(1, «/4) (2 + @ > [Colz2(q)

choosing g such that

B T3O'2|So‘ico(ﬂ) K72|96|2 n @|B|2 o
min(1, a/4) ! L=(@) T g WL (0.1)

This means choosing

N |

1

TSU? |SO %OC(Q) |/8|ioo(07T)

b

2
E|5|%°°(O,T)|SO|%°°(Q) < po <
we deduce that there exists K = K (Q,w,«,T) > 0 such that

213 1 K?
|Z|%2(Q) < min(L, /) (2 + a) |CO|%2(Q)'
e We prove that II is upper semicontinuous on L?(Q)

To this end we show that for any closed subset G of L%*(Q), II"}(G) is closed
in L2(Q). Let (z,) C II"*(G) such that 2, — z in L?(Q). Then z, is bounded in
L?(Q) and for all n there exists ¢, € G such that ¢, € II(z,). Hence from the
definition of II, there exists a pair (v,,C, = C(v,)) € L?*(wr) x L?*(Q) such that
Oon = fot Cy(z, s) ds where (v, C),) satisfies

(72)
aC,, i .
y — AC, + aCy, + B(t)So(x)F zn(z,8)ds | = vpxw, In  Q,
0
oC,
5 0, on X,
Cn(o) = OO, in Q
and

Cn(T)=01in Q.

The control v,, verifies
(73)

lonllzz@r) < K |IColia@) + 108l @IS0l |[F (Jo 2nlz.5)ds)

LZ(Q)] '
Let po be chosen as above. That is
1

T3o—2|50 %OO(Q) |6|%oo(0’T) .

2
a|6|%°°(0,T)|SOI2L°°(Q) < Ho <

Since z, is bounded, we know that there exists r > such that [|z,[/z2(g) < 7.
Consequently, we can also prove as above that C,, and v,, satisfy respectively (60)
and (58). This means that
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2
Culw o, < K <|Co|%2(sz) + 027"2)
with K = K (Q,w,a,T, |ﬂ|Loo(07T), |9/3|L00(Q), |S()|Loo(g),u0) > 0 and
vnll2 @) < K [|Colr2() + 1081 (@) Sol L= @yo r] -

with K = K (Q,w,a,T) > 0. Thus, there exists a subsequence of (v,,C,) still
called (v, Cy,) such that

(74) v, — v weakly in L*(wr),
(75) C, — C weaklyin W(0,T).
Since the imbedding of W(0,T) in L?(Q) is compact, we have
C, — C strongly in L?(Q)
and
t t
On = / Cp(z,8)ds = p = / C(z,s).ds
The function F being a corﬁcinuous7 we have ’
F(z,) = F(2)

and one can prove using (74), (75) and (73) that (v, C = C(v)) satisfies

t
%—Cj — AC + aC + B(t)So(x)F (/ z(z, s) ds> = Uxw, In Q,
0
(76) % = 0, on X,
v
C(O) = Co, in Q
and
C(T)=0in Q,
the control v verifies
(77) [oll2@wry < K [|Colz2(0) + 1081 (@) S0l o= (0yo]

with K = K (Q,w, «,T) > 0. This implies that
(78) v € I(z).

On the other hand, z, being bounded, one can prove as for (63) in Page 16 that ¢,
is bounded in W(0,T"). Therefore, the Aubin-Lions Lemma allows us to conclude
that

©n — @ strongly in LQ(Q).
Since G is closed, we deduce that ¢ € G. Finally, in view of (78), we deduce that

z € I71(G). The proof of Proposition 4.1 is then complete.
O
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