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ON THE CONTROL OF ILL-POSED DISTRIBUTED PARAMETER SYSTEMS

R. DORVILLE!, O. NAKOULIMA? AND A. OMRANE?

Abstract. We show that the so-called low-regret (or least-regret) control by J. L. Lions [8] fits on
the control of ill-posed problems. At each time, we give the characterization of the so-called no-regret
control by means of singular optimality systems. For the backward heat ill-posed problem, no Slater
hypothesis is assumed on the admissible set of controls Uaq.

This work is two pieces, and two methods are considered : the regularization method and the null-
controllability method. For the first method, a zero order corrector is used, while for the second
method, the passage to the limit is easy. The results presented here generalize the works in [2,3] to
the no-regret control.

Résumé. On montre que le contréle & moindres regrets de J. L. Lions [8] est bien adapté pour le
controle des des problémes mal posés. A chaque fois, on donne une caractérisation du controle sans
regret par le moyen de systemes d’optimalité singuliers. Pour le probleme de chaleur rétrograde mal
posé, aucune hypothese de type Slater sur I’ensemble des controles admissibles U,q n’est nécessaire.
Ce travail est divisé en deux parties, et deux méthodes sont considérées: la méthode de régularisation et
celle de la controlabilité a zéro. Pour la premiere méthode, un correcteur d’ordre zéro est utilisé, alors
que pour la seconde méthode le passage a la limite est simple. Les résultats présentés ici généralisent
les travaux dans [2, 3] au controle sans regret.
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1. INTRODUCTION

The solutions of singular optimal control problems, particularly of ill-posed problems are not regular. As a
consequence, the characterization of such solutions has not been deeply investigated. Moreover, the assumptions
on the control problem are frequently chosen in such a way that some standard methods can be applied to derive
the existence of solutions.

We consider here the prototype of ill-posed problems : the ill-posed backward heat problem, with controls v in
a non-empty closed convex subset U, of the Hilbert space L?, and a cost functional.

It is well known that if we add the Slater type hypothesis as : U _, has a non-empty interior, then we ensure the
existence of an optimal control, using standard methods (see Lions [6]). But, we do not know if this hypothesis
is unavoidable !

One way to deal with this problem -instead of answering the question-, is to propose another approach, where
the Slater hypothesis on U, is not needed. Convex cones as (L?)" which are empty interiored may be used as
set of feasible controls v. We here use the regularization approach in a first part, and the null-controllability
approach in a second part. In both methods, a new datum is introduced. These data are supposed to be chosen
as largely as possible, say in a vector space. That is the data are incomplete, and in this case, the standard
methods as the penalization method are not adapted (see Lions [8], and Nakoulima-Omrane-Velin [13] [14]).
We then seek for the low-regret control of the distributed system of incomplete data obtained. And thus, the
no-regret control of the original problem appears naturally by taking some limit, which is possible without the
Slater hypothesis.

Roughly speaking, the low-regret control u” satisfies to the following inequality :
J(u”,9) < J(0,9) +7lgll¥ V g in a Hilbert space Y,

where v is a small positive parameter (g being the pollution or incomplete data). With the low-regret control
we admit the possibility of making a choice of controls v ’slightly worse’ than by doing better than v = 0 -but
'not much’ if we choose v small enough- compared to the worst things that could happen with the "pollution’ g.
In the no-regret concept, we search for the control u, if it exists, which makes things better than v = 0, for any
given perturbation parameter. It is the limit when v — 0, of the family of low-regret controls u?.

This concept is previously introduced by Savage [17] in statistics. Lions was the first to apply it to control
distributed systems of incomplete data, motivated by a number of applications in economics, and ecology as
well (see for instance [9], [10]).

In [13] (see also [14]), Nakoulima et al. give a precise optimality system (which is a singular optimality

system). In [14], the no-regret control for problems of incomplete data, in both the stationary and evolution
cases is characterized. A number of applications is given too.
In the litterature mentioned above, the only regular problems are considered. Moreover, the set of controls was
a Hilbert space. In this article, we generalize the study to the control of ill-posed problems, where the controls
are in a closed convex subset of a Hilbert space only. Without loss of generality, we consider the typical ill-posed
problems: the ill-posed backward heat problem.

1.1. Preliminaries

Consider an open domain Q@ C IRY with smooth boundary 99, and denote by Q@ = (0,T) x €, and by
¥ =1(0,T) x 99. Then it is well known that the following heat system :

Z—Az =v inQ, (1)
z =0 on X, (2)
2(0) =0 in Q, (3)
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is well-posed. Here, z = z(t,z) is the state solution and v = v(t,x) € L?(Q). Moreover, any solution z of (1)-(3)
is a.e. equal to a continuous function from [0, 7] to H~1(2) and we have

S el (0,TEH () and z_eH™! (]O,T[;H*%(GQ)) .

But, the above system does not admit a solution for arbitrary data (3). Indeed, in the case of final data, i.e.
replacing (3) by

2(T) =0 in Q, (4)
there is no solution for the backward heat problem, even for regular control v, as we can see in the following
one-dimensional example.

A counter-example - For Q =]0, [, T = 1, consider the backward heat system

0z 0%z .
5% 52 v in 0, 7w[x]0,1], 5)
2(0,t) = z(m,t) = 0 in ]0,1],
z(;[;’ 1) = 0 in ]Oaﬂ_[a

where v € L2(]0,1[; L?(]0, 7[)) is the uniformly convergent series

If z € L2(]0,1[; L2(J0,7[)) is a solution to (5), then z(t,z) = > < zm(t)wm(z), where w,,(z) = 1/72 sin max
= T
2

(wyy, is an eigenfunction for 9.2 related to the eigenvalue m?), then we have
x
dzm 1 .
W(t) +mPzn(t) = pec R 10,11,
Zm(l) = Oa
so that

Zm(t) = € /t e ds = L (1 - emz(lft))
m - m2 1 - m4 M

1 > ?
m (1 — em (1_t)) . But,

For every t € [0, 1], we then obtain ||z||%z(]0m[) = Z
m2>1

1 2 2
lim ‘4 (1 —em (1”)‘ = +o0, Vtel0,1].
m——4+oo | m

Hence, the series diverges and the solution z of (5) does not exist.

1.2. Existence of a solution for the ill-posed heat problem

We consider the following backward heat problem :

Z—Az = v in Q,
z =0 on X, (6)
2 =0 in Q,

which is a prototype of ill-posed problems.
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Remark 1.1. The backward problem (6) has a unique solution z but for v in a some dense subset of L?(Q).

Indeed, for example, we can consider the vector space
N
V= {w = Z)\Z-wi : —Aw; =0, w; =00n0Q, and w; € L2(Q)} , (7)
i=1
there is f € L?(]0,T[) and w € V such that

N
v(t,z) = f(t) (Z /\iwi(x)> ;

for given v € L?(]0,T[) ® V (which is dense in L?*(Q)). It suffices to take z of the form z(t,z) = ((t)w(z),
¢=(C1,.,CN). So, ¢ is solution of

G .
{ act - X = f in]0,TJ,
G0) = 0 g

which defines ¢ in a unique manner.

1.3. The optimal control question

Consider v € Uyq, Up,q a non-empty closed convex subset of the Hilbert space of controls L?(Q), and the

quadratic function
2 2
b)

(®)

J(v,z):Hzfzd +NHU

L2(Q) L2(Q)

where z4 € L?(Q), N > 0, and where HHX is the norm on the corresponding Hilbert space X.

If a pair (v, 2) € U,, x L*(Q) satisfying (6) exists, then it is called a control-state feasible pair. Denote by
Xaa the set of admissible pairs for which (6) holds. We suppose in what follows that X,4 is non-empty. Then for
every (v, z) € Xuq4, we associate the cost function defined by (8), and we consider the optimal control problem :

inf J(v, 2), (v,2) € Upg x L*(Q) (9)

which has a unique solution (u,y) that we should characterize.

Lemma 1.2. The problem (9) has one only solution (u,y) called the optimal pair.

Proof. The functional J : L?(Q) x L?(Q) — IR is a lower semi-continuous function, strictly convex, and
coercitive. Hence there is a unique admissible pair (u,y) solution to (9). A classical method to control the
system (6) and (8) is the well-known penalization method, which consists in approximating (u, y) by the solution
of some penalized problem. More precisely, for € > 0 we define the penalized cost function

1, 2
JE(U,Z)—J(U,Z)+?€||Z _AZ_,UHLQ(Q)'

The optimal pair (u.,y.) then converges to (u,y) when £ — 0.

The optimality conditions of Euler-Lagrange for (ue,y.) are the following :

d
aJE(uE,y‘E + (2 = ¥e))|o = 0, Vze F (10)
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and

d
%Ja(ua—l—t(v—us),ya)h:o >0 Yvel,,, (11)

then an optimality system is obtained by the introduction of the adjoint state

1
Pe = _g(yel — Ay, — Us)-

A priori estimates (consisting in bounding p. in L?(Q)) have to be obtained, which allows the passage to the
limit under some hypothesis : For the problem (6) and (8)-(9), J. L. Lions obtained in [6] a singular optimality
system, under the extra hypothesis of Slater type :

u

.. has a non-empty interior. (12)

More precisely, we have the following theorem due to Lions :

Theorem 1.3. (J.L. Lions [6]) Under hypothesis (12), there is a unique (u,y,p) € U,, x L*(Q) x L*(Q),
solution to the optimal control problem (6) and (8)-(9). Moreover, this solution is characterized by the following
singular optimality system (SOS) :

y—Ay = u, P =Ap = y-zg in Q,
y@T ) = 0, p(0) =0 in (13)
Y = 0, p = 0 on X
with the variational inequality
(p+ Nu,v —u)p2q) 20 Yvel,. (14)

Remark 1.4. Of course when U, = L?(Q), the hypothesis (12) is satisfied and then the above theorem holds.
In some applications, the Slater hypothesis (12) is not satisfied, as when U, = (LQ(Q))+ which has an empty

interior. In the following, we propose alternative approach which does not assume (12).

2. THE REGULARIZATION APPROACH

In this section, some elliptic regularization of the ill-posed parabolic problem (6) is proposed. We obtain
some well-posed problem but with a new unknown datum. We then let the classical control notion away, to
consider the one of no-regret control by Lions [8], and recently developed by Nakoulima et al. in [13] [14].

For any € > 0, we consider the regularized problem :

—ezl 4zl —Az. = v in Q,

z¢(0) = g in
=(T) -0 in Q (15)

Ze = 0 on X,

where g € L?(Q).
It is clear that for any € > 0, and any data (v, g), there is a unique state solution z. = z.(v, g) of the elliptic
problem (15) (see Lions-Magenes [12] for example), for which we associate the cost given by :

2 2

: g€ L*(Q). (16)

L2(Q)

JE(’U,g) =

Jr]VH'U

Ze (Ua g) — Zd
L2(Q)
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We are concerned with the optimal control of the problem (15)—(16). Clearly we want

inf Je(v,9) Vg € L*(Q). (17)

ad

If g € G C L?(Q) with G finite, then we can give a Pareto sense to (17). But if G is not finite, then the above
minimization problem has no sense. One natural idea is to consider the following minimization problem :

inf sup J:(v,9) |,
velU,, (gEL2(Q) ( )>

but from above, we see that J. is not bounded, since sup,c 2 Je(v,9) = +00. The idea of Lions is then to
look for controls v -if they exist- such that

Jﬁ(vag) S J€(07g) Vg € LQ(Q)a

and thus
Je(v,9) = J=(0,9) <0 Vg e L*(Q).

Those controls doing better than v = 0 for every pollution g are called no-regret controls.

Definition 2.1. We say that u € U, is a no-regret control for (15)-(16) if u is a solution to the following
problem:

inf < sup (JE(U’Q)_JE(O’Q))>' (18)

vl \ geL2(Q)

Lemma 2.2. For any v € U,, we have
Je(v.9) = Je(0,9) = Je(v,0) = J-(0,0) + 2(6./(0), 9) o, Vg € L*(Q), (19)
where & satisfies to :

—& —efl — A& = y.(v,0) in Q, £.(0) =&(T) =01n Q, & =0onX. (20)

Proof. A direct computation gives

Ja(vag) - JS(ng) = JE(’U,O) - JE(()?O) + 2<ZE(’U70); Za(oag)>

L2’
Following the the Green formula we get
(2(0,0); 2:(0,9)) = (&'(0): 9) ..
where & is given by (20).
Remark 2.3. Of course the problem (18) is defined only for the controls v € U,q such that

sup  (Je(v,g9) — J-(0,9)) < oo.
geL?(Q)

From (19) this is achieved iff v € K, where K = {w € Unq, (& (w),g) =0 Vg € L*(Q)}. This set is hard to
characterize. As in [13], for any v > 0, we define the control in the low-regret sense.
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Definition 2.4. The low-regret control for (15)—(16), is the solution to the following perturbed system :

i (swp (ew.g)— L00.9) = ol) ). 21
UéIZ}lad gesgl?I()Q) (v9) ( g) ’VHQHL%D -

Remark that :

inf ( sup (Jg(v,g) — J:(0,9) = 7llgl? ) )

VEULg geL2(Q) L2(Q)

— ; _ . . _ 2
= g (Je00) = 00+ ( sup 2ee(0.0): (0.9 12 ~ 9l )

Thanks to Legendre transform, we get the classical control problem :

inf J7(v) (22)

vEULq

where

2

T (v) = J.(v,0) — J.(0,0) + % ’

(T, v) ; (23)

L2(Q)

and where & satisfies (20).
Remark 2.5. As we can see here, the low-regret control method allows to transform systematically problems
with uncertainty into standard control problems. We can then use the Euler-Lagrange method.

We can replace now (21) by (22) and (23) for the low-regret control.

Lemma 2.6. The problem (15) with control (22)-(23) has one only solution u?, called the ’approzimate’ low-
regret control.

Proof. We have J2 (v) > —J:(0,0) = —||zd|\2L2(Q) Vv €U,,. Then d = infyey  J7(v) > —o0. Let vy be some
minimizing sequence (such that d = lim,,_,o, JY(vy,)). We have

1 2
—Nzall?, < T2 (vn) = Je(vn,0) — J-(0,0) + = ||&(0) <d,+1
L2 Y L2(Q)
Then we deduce the bounds
2GS IO = PACORN) S =
e = A ) = © YT A2 g) =

where the constant ¢ is independent of n.
There exists u) € U, , such that v, = u2 weakly in U_, (which is closed). Also, y.(vy,,0) — y-(u?,0) (conti-
nuity w.r.t the data). Now since [J_ is strictly convex, u? is unique.
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Proposition 2.7. The “approxzimate’ low-regret control u) is characterized by the unique quadruplet {uY,yY, p2, pY},
solution to the system :

V—eyd" =Dyl =), pl'—epl” —Ap? =0, and
—p)' —epl"—Apl =yl —za+p) in Q,

y2(0) = y2(T) =0, p2(T) =0, pz<o>=§ 2 (0),
p2(0) =pU(T) =0 in Q

y2 =0, p7=0, p?=0 on X,

with (20),
and the variational inequality :

(pl + Nul,v—u)) >0, Voel,.
Proof. The first order Euler condition for (22) and (23) gives :

2
3
<yz - zd,yg(w,()) >L2(Q)XL2(Q) + N(“z’w>L2(Q)XL2(Q) + <?§gl(0)7£€/(0ﬂw) >L2(Q>XL2(Q> >0,

where y) = y.(u2,0), and £ = & (u?,0). We then define p? = p.(u2,0) which is the solution of
pl' —epl” — Apl =0, p2(0) = (¢/7)€2"(T), p2(T) = 0, and p2 = 0 on 3, such that :

2
€
< ;gg/(o)v 56/(07 U)) >L2(Q)XL2(Q) = <5P3(0), gsl(ou w) >L2(Q>XL2(Q) = (pZ, yE(wv 0) >L2(Q)><L2<Q)

by the Green formula.

Introduce now the adjoint state p? = p.(u2,0) as follows : we solve —p2’ — ep)” — Ap) = y2 — zq + p2,
pY(T) = p2(0) =0, and p? =0 on X. Hence we have

(92 = 2a+ 02, Ye(W,00) 2 gy 20y = (P25 W) 120y 1200)

Finally,
> 0.

L2(Q)xL2(Q) —

(Pl +Nul, w)

2.1. A priori estimates. The low-regret control

In this section we give the S.O.S for the low-regret control of the backward heat equation. Estimates are
given in the following statement :

Proposition 2.8. There is some positive constant C, and, for any small n > 0, there is some constant C;, > 0
such that :

€
||u:€YHL2(Q) < 07 HngLz(Q) < Ca WHQI(O)HL%Q) < Ca (24)

ellv2'll 2 gy + 2Nz ) < € 192l 2 0.2 sty < o (25)
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and,
/ !
N 2y + 1€ty S € 12 2 grgar ey < v (20
! /
€ ||/)3 HLQ(Q) + ”ngLZ(Q) < sz HLz(]O,Tfn[;Hfl(Q)) < Gy, (27)
/ !/
€ sz HLQ(Q) + HpZ”LZ(Q) <0, sz HL2 (nTLH-1(Q) = C- (28)
Proof. Since u? is the approximate low-regret control
T (w]) < T2 (v)  Ywel,,
in the particular case where v = 0,
2 2 82 , 2
Je(u?,0) = J(0,0) + —|I&" (u2)(0) < —||&"(ud)(0)
Y L2(Q) Y L2(Q)
On the other hand y.(0,0)(¢,z) = £&.(0)(t,x) = 0 in [0, 7] x ©Q, then :
2 2 2
|v-(u2,0) = 2 + H—se QO <kl = constant, (29)
L2(Q) L2(Q) L2(Q) L2(Q)

so (24) holds.
From the Poincaré formula, there is some constant C; > 0 such that

oy
<H 2 P )Iy 20 < Cullu 2 ol 2

thus, there is some constant Cy > 0 such that

oy
¢ H ot

< 027

w2 g
L*(Q)

2

0
Je _ = v+Ay,, and denote by g. = v+Aye,.

o

that is the first part of (25). Now, we consider the equation —e 5 2

Then g. stays in some bounded subset of LQ(Q).
Consider some function ¢ € C1([0,77]) such that ¢(0) =1 and »(T) = 0. Multiply both members of

. aye 8ye_

o Tt
Iye

by @a— and integrate over the whole set (). We have

d T oy |]? T d

E H Je dt +/ © H Je dt = / © (gs, y€> dt. (30)

And,

el =150l LI

L? (Q ot LQ(Q) 0 L? (Q)

O
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2 T 2 T
Oy 0y
dt+/ ng;t dtz/ w(ge,—ayt> dt.
L% () 0 L% (Q) 0 L% ()
2

T T
Jye ye
/ <pHayt f dt:/ <p<gg,§t> dt +O(1).
0 L*(Q) 0 L (©)

We finally deduce (25) from the triangular inequality.
The estimates (26), (27) and (28) follow easily.

thus )
e [T de || Oye

2 ), dt| ot

£ || 9y
2| ot L% (@)
The second term is O(1), so

Theorem 2.9. The low-regret control u” = limo ul for the backwards heat equation (6) is characterized by the
£—

unique {u?,yY, &Y, p¥,p"}, solution to the system :

Yy Ay =, O A =y, p = ApY =0, and
—p" = ApY =y —za+p) in Q,

y'(0)=0, &7(T)=0, and
p?(0) =A7(0), p(T)=0 in Q,

y' =0, &=0, p'=0, p*=0 on X,

with the following weak limits
y'=limy? & =1lim& ,p"=lmp! ,p’=limp],
e—0 e—0 e—0 e—0
and the variational inequality :
(p"+ Nu'jv—u")>0 Wel,,
where
u, oy, pY, p, € € LP(J0,T[LA()), A'(0) € L*().

Proof. We use the estimates of proposition 2.8. jFrom (29), we deduce the following limits :

u’Ey N u’y weakly in Z/{ady
7 oy weakly in L*(Q), (31)
e 0 (u?)

v
(0) — X(0) weakly in L?(Q),

e 96 (u2) (T)>)_

(up to extract a subsequences (u?), (y2) and (\ﬁ T

For fixed v > 0, the adjoint state pY depends boundedly on & (from (28)).

2.2. Zero-order corrector

For the no-regret optimal control to the original problem, we now introduce the notion of corrector of order
0 of Lions [7] for elliptic regularizations, instead of using the Slater hypothesis (12). Indeed, as it is well known,
the passage to the limit gives no information on y?(T"). Moreover, y?(T') # 0 in general (see Dorville [1] for
details).
We assume the following :

y'(T) € Hy(Q), 5" € L'(Q). (32)
Denote by
V = {p e L' (|0,T[; H} () such that ¢’ € L' (Q)},
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and by
Vo = {® € V such that ¢(0) =0, o(T) = 0}.

Definition 2.10. We say that a function 67 € V is a corrector of order 0 iff
e(02',¢) 2 @ 1 (0, ‘P)LQ(Q) +(V62, V(,D)Lz(Q) = Vel(fs, LP)LZ(Q) vV,
02(T) +y(T) = 0

where we suppose that
1Fell 2 go,risr-2 () < €

Getting a zero-order corrector We recall how to calculate a corrector of order O :
We define ¢? by writing

©2(T) = —y(I),
@7 decreasing rapidly when ¢ — —oo,

{ —epl" +¢l' = 0,

then
T—t

02(t) = —y"(T)e” "= .
If we suppose that y(T') € H}(€2), the function

07 = my? ‘ Z =1 in the neighbourhood of t="1T,

=0 in the neighbourhood of ¢t =10
is a corrector of order 0.
We then satisfy the variational equation, the main term being
Tt
mAy'(T)e = =+/ehl.

Hence, under the above hypothesis we have :

T 2 1 T 2(T—t)
P2l dt<Ce | e = dt=o(1).
0 FlHmN@) 0

We then have the theorem :
Theorem 2.11. Let be 02 a corrector of order O defined by (33) and (34). We then have

92 = (7 + 022 go.rpmg) < € Ve
Moreover,

%[yz — (" +02)] =0 weakly in L (Q),

when € tends to 0.
Proof. If we put w) = y2 — (y” + 62), then

5(“’?; ‘P/)LQ @ 1 (wglv @)LQ(Q) + (Vwl, V)2 Q)
= =€ (y“f”(p’)Lz(Q) - \/g(fsaW)ﬁ(Q) vVo.

(35)

(36)

(37)
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Particularly, if ¢ = w2, then

02122 gy + 02125 ) < € VE [VEIu 2 ) + 0220y
Thus the inequalities (36) and (37) hold.

2.3. Passage to the limit

We use the regularity properties of the heat equation, the -well posed- one, as follows :
First, we notice that ||y,|/z2(g) < C by the above proposition. It remains to see that &, (resp. p,) formally
satisfies to the well-posed system :

- = A =y7 e L2(Q), —p' = ApY =y — z4,
(%) | &7 =0, (resp. (xx) | pY =0 on X, )
&N(T) =0, p'(T) =0,

with the mean of a zero corrector. But () implies that
1€ L2 g0,m; w2 )y + 1167 20,0 B2 () < C,

(vesp. (+x) gives [[p" || z2(0,7; m2 () + 127 L2071 H-1(02)) < C.)
Then &7 — £ (resp. p” — p) weakly in L?(0,T; H(£2)), and by compactness ¥ — £ (resp. p? — p) stronly in
L2(0,T; L3(%2)).
Also,
p = ApT =0,
p?’ =0,
p7(0) = A7(0),
implies that p? — p strong in L?(0,T; L?(Q))) by the same arguments, because

. &
[AT(0)][ 20 < lim 7”65’(”3)(0)”#(9) <C, then A\(0) = A(0) € L*(9).

e—0
We then can announce the theorem :
Theorem 2.12. The no-regret control u for the backward heat ill-posed problem (6), is characterized by the
unique quadruplet {u,&, p,p} solution to the optimality system :

y—Ay=u, —¢-Af=y p'—Ap=0,
and —p' —Ap=y—z4+p in Q,

y(I)=0, &T)=0, and
p(0) = X0), p(T)=0 in Q,

y=0, £=0, p=0, p=0 on 3,

and the variational inequality :
(p+ Nu,v—u)>0 WYvel,,

withu € U,,, y € L*(0,T; L*(2)) and

p. p, € € LP(0,T; H*(Q)NHy(Q), Ie L*(Q).
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Remark 2.13. As we have seen in this work, the hypothesis (12) is replaced by the no-regret notion. This
method gives another point of view of solving the control problem of singular distributed systems.

3. THE CONTROLLABILITY APPROACH

Instead of the regularization for the backward ill-posed approach, we here use the null-controllability approach
in Dorville et al. [3] for the regular heat equation (of incomplete data). With the low-regret method, we obtain
at the end an optimality system for the backward ill-problem.

Consider the following heat system :

@ —Ay = wv+60.x, in Q,
Y = 0 on X,
y0) =g in @,

where v € L?(Q), w CC £ an open set, g € L?(Q2), and Y., such that

_Ju on (0,T)Xuw,
X =90 else

For every fixed (v, g,0) the system (39) admits a unique solution y = y(v, g, 6). The null controllability problem
for (39) consists in finding 6 € L2(0,T; L*(w)) such that if y is solution of (39) then

y(T) = 0. (40)

This problem is classical and well-known (see for example Puel [16] and the references therein). Moreover, the
solution is not unique.

Suppose selected a unique solution -by a given criterion- for (39)(40). More precisely, we will see that there is
a criterion related to a weight function p such that for given (v, g), there is a unique pair (6, yy) such that

Yo = y(v,g;0) and ye(T) = 0.

Denote by 6 = 6(v,g) and yo = yp(v,9). We can notice that y»(0,0) = 0 iff 6(0,0) = 0. With this, for
(v,9) € L*(Q) x L*(Q), we consider the cost function

J(v,9) = llyo(v,9) — zall2(q) + Nlvlliz (o) (41)

where 24 € L?(Q) and N € IR% are given. Then the goal is to study the optimal control of this controlled
system. The question of control for controllability problems of incomplete data is new, and was treated in
detail by Dorville [1], and by Dorville et al. [3] very recently. We recall a variational method which ensures the
existence and uniqueness selection of a solution for (39)(40).

The following lemma is slightly different (simpler) from lemma 1 in [3].

Lemma 3.1. Denote by L = % —Aand L” = f% — A the adjoint operator. Then there is a C? weighted

1
positive function p on Q such that — is bounded in Q, and there is a constant C = C(Q,T,w, p) > 0 such that
p

T
. 1
/Q|L ql? d:cdtJr/O /p—2|q\2 d:vdt] (42)

1
/Q SSlaf dade+ [ ja(0)Pd < €
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for every q €V = {(p eC” ([0,T)xQ) tel que ¢}, = 0}'

This lemma holds from a Carleman inequality, and can be found in [4], or [15] and [16]. The RHS of (42)
leads to use the following inner product :

a(r,s)/QL*r L*sdQJr/OT/w:Qr sdQ. (43)

Denote by ||.]l« = v/a(.,.) the associated norm on V, and consider the completion given by the Hilbert space
V. Finally, let be the linear form ¢ on V defined by

ﬁ(s):/Qv sdQ—i—/Qg s(0) dx.

Proposition 3.2. Under the hypothesis that ||pv||12(q) < +00, there is a unique p € V' solution to :

a(p,s) =L(s) VseV. (44)
Moreover, if we put
. 1 _
y=Lp, and 0= — P X, (45)

then {y, 0} is the unique solution to (39)(40).

Proof. The proof follows from a simple application of the Lax-Milgram theorem, and by integration by parts.

Remark 3.3. Consider the set L2(Q) = {w € L*(Q) such that pw € L*(Q)} , and denote by ( ., . ), =

(p.yp e and || . I, = (-, - )p. From proposition 3.2, for every pair (v,g) with v € L2(Q) and
g € L*(Q), there is a unique pair (,ys := y) solution of the problem (39)(40). We define the two linear
functions
((PQXBE — BOTDE) |, (@ B0 — 2@
(v,9) — 0(v,9) (v, 9) — y(v,9)
Then v+ 60(v,0) € (L?(0,T; L*(w)), pdxdt) and v — y(v,0) € L2(Q) are continous on L(Q).

3.1. The low-regret control for the null-controllable problem

For every v € L2(Q), we define the weighted cost function :

Jp(v,9) = lly(v, 9) — zall; + N|vll7 (46)

where zg € L2(Q) and N > 0. Let be now U~ a closed convex subset of L2(Q).
By remark 3.3, we have y(v, g) = y(v,0) + y(0, g) and 0(v, g) = 6(v,0) + 6(0, g). This, allows to write

JP(”vg) - JP(079) = JP(Uvo) - Jp(070) +2 (y(v70)7y(07g))p'

~ 1
Lemma 3.4. Let be the operator M : g — p(0,g) from L?(Q) to (LQ(Q),pdm‘dt). Then M s linear

continuous on L?(Q), and we have

Tp(0.9) = 1,(0,9) = J,(0,0) = J,(0,0) + 2(S(v). 9) 120 (47)
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where S is a linear and continuous operator from L2(Q) to L*(2), such that

S(w)=M*(v+6(v,0).xu) + p(v,0)(0), (48)
where M™* is the adjoint of M.

Proof. The proof is simple and holds from (44) and remark 3.3. Indeed
1 ~ ~
00.000.9), = (0= 5H0.0050.0))  + G000
P L2(Q)

1 _ ~
(U - 72]7(1), 0)'Xwa Mg) + (p(v70>ag)L2(Q)'
P L2(Q)

We now give the optimality system of the low-regret control for the problem of missing data (39)-(40) and (46),
defined by :

inf < sup (Jp(v,g) — Jp(0,9) — v|g|%2(9)>> (49)
Vel \ geL2(Q)

for v > 0. Using (47), the problem is equivalent to the following classical control problem

2

1
i Y Y — )
velLr%f( )jp (v) where jp (v) Jp(v, 0) J,)(O7 0) + 5 HS(U))

L2(Q)
Lemma 3.5. The problem (50) admits a unique solution u~ € U?,.

Proof. We have the following :

J) (v) > —J,(0,0) Vv € UL,;. Hence d, = inf 7 (v) exists. Let then v, = vy(7) be a minimizing subsequence
veUl,

such that d, = lim, . jg(vn). We have

—J,(0,0) < T (vn) = Jp(vn,0) = J,(0,0) + lHS(u,,) ’ <d,+1
v L2(@)
We deduce the following estimates :
Un|l < cy, LHS(UW) < ¢y, Hy(vmo) —Zdl| < ¢y
P \/77 L2(Q) o

(¢y independent of n). Then, there is u, € U, such that v, — u, weak in L2(Q). Also, y(v,,0) = y(u,,0)
(continuity with respect to the data). At last, thanks to the convexity of 7, ), we deduce that u, is unique.

Theorem 3.6. The low-regret control u, € U?, is characterized by the quadruplet {“77%7577177} e U’ x
L?(Q) x V x L*(Q) unique solution of the system

Ly, = Uy +0(uy, 0).Xw, L*p, = Yy — 2t 57 Xo in Q,
Yry = 0, Doy =0 on Y, (51)
y4(0) =py(0) = 0, yy(T)=py(T) = 0 in Q,

where Yy, = y(uy,0), py = p(uy,0), 57 = 6(u,,0), and the variational inequality

(T*[Lp,y — 57 Xo] + NpQuW + (1/7) S*S(uy),v — UA/)L2(Q) >0 Yve Z/{fl’d (52)
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where S* is the adjoint of S, and T™* is the adjoint of the operator T : v — L*p(v,0).

Proof. The necessary condition of Euler-Lagrange satisfied by ., gives
1
(Yy — 24, PPY(v — Uy, 0))r2(q) + N(p*uy, v — Uy)r2(Q) + ;(S(Uw)» S(v—uy))r2) =20 Yo € ULy,

Y, = y(u,,0). We then introduce o, = o(u,,0) € V, unique solution of the problem
a(oy,q) = / (yy — za) qdzdt, VY qeV.
Q

We then define the adjoint state p, = p(u.,0) by

~ 1
py= L'o, andweput 0,=-—o0,.
P
Then the pair (57, p~) is solution of the null-controllability problem :
L Dy = Yy — 24t 57 X in Q,
D~y = 0 on X,
p(0) :pv(T) =0 in Q

Then the Euler condition writes :
(Lo — By o, 2290 — 1,0) )iy + ( NP+ (1/2)S°S(uy) v — 1 )12y > 0.
(From another side we have
(Lpy = Oy X PPY(0 =1y, 0))p2(q) = (T7(Lpy — Oy X)) v —uy)12q) Vv E UL,
where T* is the adjoint of the linear continuous operator T : v — L*p(v,0) de L2(Q) in (L3(Q), p° dzdt).

3.2. Passage to the limit

In this section, we verify that we also have an optimality for the no-regret control. It remains to see that y,
(resp. p) particularly satisfies to the well-posed system :

Lyy =ty + 0(uy,0)x € L*(Q), L*py =y — 24+ 0,0,
(3%) | yy =0, (resp. (4%) | p, =0 on X, )
y(0) =0, py(T) =0,

and of course y(T') = 0 (resp. p,(0) =0).
The system (3x%) implies
vyl 220,77 2 (02)) + 9"l 20,75 -1 (02)) < C,
(resp. (4x) gives Hp’YHL2(0,T; HL(Q)) + Hpv/HL?(O,T;H*l(Q)) <Q).
Then y, — y (resp. p, — p) weakly in L*(0,T; H}(2)), and by compactness y, — y (resp. p, — p) stronly in
L?(0,T; L3(%)).
Also,

%S*S(un,) . S*S(u)
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strongly in L?(0,T; L?(Q2)) by the same arguments, since

1
. < lim —||5* <C.
1575 (w) Jim, 7||5 S(uy) c

iy <l = e <

We then obtain the following singular optimality system, stated in the following theorem :

Theorem 3.7. The no-regret control u € U, is characterized by the quadruplet {u,y,g,p} e U, x L*(Q) x
V x L3(Q), unique solution of the system

Ly = u+60(u,0).xw, L*p = y—z4+0.x0 in Q,
Yy = 0, P = 0 on %, (53)
y(0) =p(0) = 0, y(T)=p(T) = 0 in €,
where y = y(ua 0); p= p(uv 0); 5: 5(“70)7
with the variational inequality
* _ N. 2 * _ > P
(T [Lp — 0 .xu] + Np“u+ S*S(u),v u)LQ(Q) >0 Ywel?, (54)

where S* is the adjoint of S, and T* the adjoint of the operator T : v +— L*p(v,0).

Remark 3.8. As a general remark on this section, we see that the optimality system has the same structure as
the one of standard optimal control problems. More precisely, the adjoint state satisfies to a null-controllability
system, as for the state y.
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