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Abstract

The present paper is focused on the proof of the convergence of the discrete implicit Marker-and-
Cell (MAC) scheme for time-dependent Navier—Stokes equations with variable density and variable
viscosity. The problem is completed with homogeneous Dirichlet boundary conditions and is dis-
cretized according to a non-uniform Cartesian grid. A priori-estimates on the unknowns are obtained,
and along with a topological degree argument they lead to the existence of a solution of the discrete
scheme at each time step. We conclude with the proof of the convergence of the scheme toward the
continuous problem as mesh size and time step tend toward zero with the limit of the sequence of
discrete solutions being a solution to the weak formulation of the problem. Finite volume methods;
MAC scheme; incompressible Navier—Stokes equations; variable density and viscosity; transport
equations.

1 Introduction

u

We here consider the numerical approximation of the incompressible Navier—Stokes with variable density
and viscosity,

Op + div(pu) = 0, (1a)
poru + (u - V)u — div(u(p)D(w)) + Vp = f, (1b)
diva =0, (lc)

in Q x (0,T) where T € R* and (2 being an open bounded connected subset of RY, with d € {2, 3}.
For the sake of convenience we suppose that {2 may be covered by a structured grid, so that €2 is a finite
union of rectangles if d = 2 and of rectangular parallelepipeds if d = 3. We assume that the source
term f belongs to L2(0,T; L?(Q2)?%). The variables p, @ and p are respectively the density, the velocity
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and the pressure of the flow. The three above equations respectively express the mass conservation, the
momentum balance and the incompressibility of the flow. This system is supplemented with initial and
boundary conditions:

oo =0, wli—o =ug, Pli=0 = po. ()

These equations model the motion of mixtures of immiscible fluids having different densities and vis-
cosities. This system is mainly what we obtain when we want to describe the fluid-structure interaction
by volume penalization method [28) 4]]; One can use this approach to represent the interaction of several
phases, for example droplet impact onto a solid or a surface liquid, accurate tracking of interface surfaces
between fluids of different density and viscosity in multiphase flows. Due to the numerous applications
that require faithful model of fluid-structure interaction (in computer vision, image processing, special
effects,...) this research area is in demand, both at the theoretical and numerical level.

The existence of weak solutions has been established by Lions [27]], following results concerning the
renormalized solution concept of transport equations [[L1]]. Since these first works, only few results are
available on variable viscosity fluids, contrary to the abondant literature on constant viscosity problems.
Certainly, to treat this mixed PDE system entangling hyperbolic, parabolic and elliptic features, is far
for obvious; an overview of theoretical advances can be found in chapter 6 of [6]. In order to explain
our motivation, let us summarize the theoretical results by requiring the following assumptions on the
regularity of the initial data:

po € L=(Q) and ug € L*(Q)%. (3)

Let us denote pmin = essinfzeq po(€), Pmax = €s8supycq po(x). A well-known consequence (see
for instance [[L1]]) of equations and (L), is the following maximum principle:

Pmin < p(2,1) < pmax, for a.e. (x,t) € 2 x (0,7), 4)

which shows that the natural regularity for pis L (£2x (0, T")). For the velocity u, a classical calculation
allows to derive natural estimates for the solutions. Let us take for simplicity the right hand side of (Tb))
f = 0to derive the kinetic energy equation. One thus takes the inner product of by u and uses twice
the mass conservation principle (Ta) to obtain:

T_ N . ey _
3t(§ﬁ\u|2) + le(§PIUIQU) —div(u(p)D(w)) - u+ Vp-u =0. Q)
Integrating over €2, one gets, since div @ = 0 and w5 = 0, that, for all t € (0,7'):

& | sotatla@ 0 de+ [ up)Diat.) : Date. 1) de = o

Integrating over time yields, once again for all ¢ € (0,7):

/Q Sl )fae, ] dz + / /Q w(p)| Dz, 1)) de di = /Q Sol@)uo(@)? da, Vi € (0,7).

The kinetic energy identity above ensures that the natural regularity for @ is to lie in L°°((0, T'); L?(2))N
L2((0,T); H}(2)9). From this and the regularity on the density we may define the weak solutions to
problem () as follows:

Definition 1.1. Let py € L°°(Q) such that py > 0 for a.e. € , and let ug € L?(Q)%. A pair (p, @) is
a weak solution of problem () if it satisfies the following properties:

e pe{peLl®Qx(0,T)), p>0a.e inQx(0,T)}.
e we{uec L>0,T; L2(Q)%) N L2(0,T; HY(Q)?), divu = 0a.e.in Q x (0,T)}.

e Forall pin C(Q x [0,7)),

T
[ [ oo ave)dedi= [ pi@ele.0) de. (©)
0 Q Q



« Forall v in {w € C(Q x [0,T))¢, divw = 0},
T
/O /Q[ —pu- v — (pu®a) : Vo + p(p)D(w) : D(v)] de dt

_/on(:c)uo(:c)-v(w,O) da:—&-/OT/Qfmdac dt. (7)

Then, the existence a weak solution to the problem as given in Definition |1.1{ was proven in [34]
with a newer version in [6]. For a weak formulation featuring the pressure, we have the existence of
a solution with p € W=1°°(0,T; L3()) (L3(2) being the quotient space L?(£2)/R which gathers the
square integrable functions that differ from a constant).

While the subject of numerical approximations of the Navier—Stokes equations (NSE) for incompressible
flows with constant density and viscosity has been widely discussed, very few results are available in the
context of our study. Some of them, based on front tracking techniques, are level set or phase fields
methods [30, 2 [32]]. Some other use discontinuous Galerkin method to compute numerical approxima-
tions [28]]. One can also find some attempts based on fractional time step approach/projection method
[19, 201 26, 2} [8]].

In what follows, the continuous problem is approximated using a time implicit scheme combined
with the MAC scheme, providing a sequence of discrete solutions will be shown to converge toward
the solution of without any regularity assumption on the solution. This MAC scheme is one of
the most well-known methods used for the approximation of both the compressible and incompressible
Navier—Stokes equations. It was introduced in [21]] for the approximation of free-surface problems, how-
ever through numerous papers it appeared to possess remarkable mathematical and physical properties.
Among them is the inf—sup stability as first demonstrated in a finite difference context with staggered
grids in [33], and more recently for the generalized class of DDFV methods [7]. In finite volume context,
this spatial approximation scheme also allows a local conservation of the mass fluxes. Let us note also
the recent work of [29] who have shown unconditional and uniform asymptotic stabilities in the low
Mach number regime of the implicit MAC scheme to solve the compressible NSE.

Studies of the MAC method applied to linear problems are quite present in the litterature; in the case of
convergence results for the Stokes equations we may cite [5] where the source term is in H~!(Q) and
[25]] for a superconvergence proof on non-uniform grids given regularity assumptions on the velocity and
pressure. Some of the studies of the MAC scheme approximation of the Navier—Stokes equations include
the pioneering error analysis in [31], as well as convergence proofs on locally refined grids in [9], and
non-uniform grids in [17] for the steady and time dependent Navier—Stokes equations.

The goal of this paper is to extend the results from [[17] to the case of a incompressible flow with vari-
able density and variable viscosity as defined in (I). This problem was partially adressed in [24] in the
finite-element context with Rannacher-Turek elements, as the viscosity was considered as constant. It is
known that for discontinuous Galerkin or general finite-element context some stabilization terms occur
in the diffusion term with the density-dependent viscosity [28), 24]. One shows that is not the case with
the MAC scheme by proving a discrete Korn inequality in order to control the L?(0,T'; H, (} (©2)-norm of
the velocity. Moreover, the staggered MAC scheme ensures, by construction, the control of the discrete
kinetic energy and thus the stability of the scheme [24].

Following what has been introduced before, only a weak solution of mass conservation exists, then
building piecewise constant approximate density that has low-regularity and has to be strictly positive
generates a lack of classical consistency property. The key point in this work is to prove that the implicit
MAC scheme is weakly consistent in the Lax—Wendroff sense for incompressible flows with variable
density and viscosity. As it has previously done for constant viscosity flows with staggered finite element
context [24], we build a sequence of solutions based on a sequence of discretizations in time and space.
Estimates of the solution are derived allowing us to use compactness arguments (by generalized Aubin-
Lions Theorem to dicrete derivative and sequence of subspaces [17]]) to prove the existence of converging
sequences of solutions.

According to the Lax-Wendroff argument, the limit of the discrete solutions converges (up to a sub-
sequence) toward the weak solution of problem ().

In the Section 2, one defines the non-uniform staggered MAC grids. Section 3 gathers the discrete
functional spaces, the discrete operators and unknowns leading to the definition of the discrete scheme.



It also recalls results and tools from [17]] needed in the next sections. In Section 4 we derive a L*(H}) N
L>°(L?) estimate of the velocity, a non—uniform L? bound on the pressure and the classic L°°(L>)
bound on the density. Those estimates are required for the topological degree argument used to prove
the existence of a solution of the discrete problem at every time step. Finally we resort to compactness
results in Section 5 to pass to the limit in the momentum equation and mass balance equation as the mesh
size and time step tend to 0. We can conclude that the sequence of discrete solutions converges (up to a
subsequence) toward the weak solution of problem ().

2 MAC discretization

Following the introduction, the MAC grid is recalled in the present section using so as to allow the self-
readability of this paper. Let us assume that ) is given by the union of mutually disjoint rectangles if
d = 2, and rectangular parallelepipeds if d = 3. Additionally, let the edges (respectively the faces) of
those rectangles (respectively parallelepipeds) be orthogonal to (ey, .. ., e4), the canonical basis vectors
of R%.

Definition 2.1 (MAC grid). A mesh D associated to the MAC discretization of 2, is defined by D =
(M, &), where:

- M : refers to the primal (or pressure) grid, and consists in a conforming structured partition of 2
made of rectangles if d = 2 or rectangular parallelepipeds if d = 3. A generic element K of M
designates a primal cell and we note x its center of mass. Therefore, we have U ey K = Q.
The set of edges (or faces) of K is denoted £(K) C RY~!. For an element o € &(K) in the
boundary of K, we note x,, its center of mass.

- & : is the d-uplet of dual grids associated to the d components of the velocity. It is defined as the
set of every edges (or faces) of M : € = {0 € E(K)|K € M}. We note € = Einy U Eext, Where
Eint (resp. Cext) are the edges of € that lie in the interior (resp. on the boundary) of the domain.
For any i € [1,d] the set £® contains the edges that are orthogonal to e;. Similarly, we define

el — e Mgy, and Sg()t — &) N &y to obtain ED = ¢ ye®

int int ext*

Let o € &y, we note 0 = K|L if (K, L) € M? are such that ¢ = 0K N L. Additionally, let
D, refer to the dual cell associated to 0. We have D, = Dy , U Dy, , where Dk , (resp. Dy, ;)
denotes the half of cell K (resp. L) adjacent to ¢. For an element o € €.y adjacent to K € M,
we note D, = D ,. Thus, we end up with d partitions of Q2 : Q = erai Dy fori=1,...,d.

In order to deal with the discrete momentum equation later on, we introduce the faces of the ¢—th dual
mesh, which we denote &), Let us distinguish once more the internal elements of € from the external
elements by writing e = gl(;)t U gg()t f;)t
are such that 0D, N 0D, = e.

Thus, for any element ¢ € &) we note ¢ = oo’ if (0,0") € &2

Let us define d x d partitions of (2 by associating the (7, j)—partition to the elements of €0 that are
orthogonal e; for ¢, j € Hl, dﬂ :

(2)
; int 8
0, nE(D,) ®

ext

€ X [Ty, Ty] for e =olo’ € &

(Dé)ge’é(i>7ej_ej = {

€ X [y, To ] for e € €

where x, . refers to the orthogonal projection of , on e. Hence the (4, j)—partition coincides with the
(J,1)—partition, and the (4, 7)—partition is none other than M. For the sake of convenience, we introduce
the following subsets of e,

) = {ec €W ¢ L e;}



L
Uy - €2
D, o’
oc=KI|L
s o €= olo’
+ PK;PK
DK,O’
K DK,(I’ ~
© o= K|
Uy - €2

Figure 1: Representation of (M, &) for d = 2

Finally, the constants defined below aim to characterize the non—uniformity of the space discretization
of the MAC grid D :

Y :maX{H, (0,0") € el el 4.4e Hl,dﬂ,i 7&]}
o

©)
hyt = max{diam(K), K € M}

with | - | designating the Lebesgue measure of either R? or R~1.

Uy
- + + +
€
€
/ T + +D€ +
ua Ugs Uy
D.

(1).

Figure 2: Cells D, associated to elements of E(09) with e = olo’ € gz‘nt-

for e L e; (left) ; for e L ey (right) ; (d = 2)

+ + +
€
U; :Bo’,e’
D
+ + +
Us
€ D€
mo,e

Figure 3: Cells D, and D,/ associated respectively to
e=EY NED,)and e = €D NED);(d=2)

ext ext



3 Discrete scheme

In the present section we introduce the discrete scheme associated with the continuous problem (T)) using
a finite volumes formalism. In order to do so let us define the discrete unknowns, the functional spaces
they lie in as well as the approximation of the operators in (T)).

3.1 Discrete spaces and unknowns

For the time discretization, we consider an uniform partition of the time interval [0, 7] with 7' > 0.
By denoting 4t the constant time step, the partition of [0, 7] is given by {t" = ndt,n = 0,.., N} with
N satisfying T = Nét. For all n € {0,.., N}, we proceed with a staggered space discretization on
D = (M, €) in the following sense: the degrees of freedom for the density and pressure are associated to
the primal cells K € M, whereas those associated to the i—th component of the velocity are located on
the faces £(¥). Hence we are led to handle piecewise constant functions on the cells K € M (respectively
the cells D, with o € &) and their associated spaces:

Ly¢ = {q =S axlk. ax € R}, and Hyq = {v =Y wlp, vs € R}, ie[Ld, (10
KEM O'Ee(i)

with 1x and 1p_ referring to the characteristic functions of the cells K and D,, o € € respectively:

lifz € D,,

1g(x) =
K (@) Oifz ¢ D,.

lifx € K,
Oifz ¢ K,

and 1p, () = {

For any element ¢ in Ly; we will frequently resort to the notation ¢ = (qx)xen € RV with Ny =
card(M). By analogy, we note v = (V5 ) ,c¢(:) for any element v € Hg).

As a consequence, an approximation of the velocity field w = (u1,..,uq)? will belong to He =
Hle Hg . Similarly to the continuous case, the Dirichlet boundary conditions are incorporated in
the definition of the velocity spaces and, for this purpose, we introduce Hey o C Heeiy,t = 1,...,d,
defined as follows:

Heo o = {u € Hyw, ul@) =0 Yz € D,, oc Egﬁt}, i€ [1,d].
along with,

d
Hg70 = HH€(¢)70 C H¢
i=1

The continuous pressure unknown fulfills a role as a Lagrange multiplier of the incompressibilty
constraint and needs to be defined up to a constant. As such, an approximation of the pressure will
lie in the discrete counterpart of L%(Q), denoted by Ly and designating the space of functions of Ly
with zero mean value,

Lno = {a = (a)kexc € i, > [Klax =0} an
KeM

Finally, the staggered discrete scheme is given by,



Let u’ = Ieug € H&O and po = Ilypo € Ly

Forn € {0,--- ,N — 1}

Find (p" ", w1 p"t) € Ly x Hg¢ o x Ly satisfying :

A p™ L + divy (p" ) = 0 (12a)
6t(pu)n+1 + Cg (pn+1un+1) leg( n+1D ( n+1)) + v(g p fn-i-l (12b)
divyu™t =0, (12¢)

where (12d), (12b), (12c) are the approximations at time "+ of (Ta), and respectively for
which we give the details below. The discrete initial data (p°, u”) is obtained by projection of (pg, uo)

on Ly¢ and H ¢ using the following operators:

H((Ei) : Ll(Q) — Hg(i)70
: 1 .
viHHé)vi: Z <| ’/ vi(:c)dzzz>1Da 1=1,....d (3)
oee® oI e
Iy LY(Q) — Ly
(14)
qHHMm— /
fean |K K]

Similarly, the discrete source term in (I2B) is defined as f3 ! = IIe (£(£"F1, ).

Remark 3.1. Operators Iy and (Hé))izlmd are linear and continuous from LP(Q2) into LP(2). For
instance, we have for II:
e

By considering the complete partition of the time interval [0, T'], the discrete functions approaching
the solution of (] are given by:

N—-1
=33 wptMp, (@), 0, (1), i€ [1.d]

n=0 occe®

int

N-1
p(t, x) Z Z WLk ()1, 0,0 (8) (15)

KGM

p(t, x) Z Z WL ()1, 0,00 (8),
KeM

HHMqup(Q) < Z |K|1_p
KeM

< 3 K|y / (@) dz = lqll?,

KeM

where 1j; ;.. designates the characteristic function of Jtn, tnt1]-

As we aim to study the convergence of the weak discrete problem towards its continuous analogue (1.1)),



let us introduce the weak formulation of (12]) :

Forn € {0,--- ,N — 1}

Find(p" ™!, u" ™) € Lyt x E¢ such that for any (q,v) € Ly x Eg¢,

/ (ap"“ + divM(p”+1u"+1)>q de =0, (16a)
Q
/95,5(,011,)”“ cvdx + b (p" M " v) + /Q,ugHDg(u”“) : Dz (v) dz
= / it vde, (16b)
Q

where bg designates the discrete trilinear form associated to the convection term in and E¢ stands
for piecewise constant functions of H¢  that are discrete divergence—free (see below). Although we
will eventually come back to the formulation above for the convergence result, let us introduce the weak
formulation of the problem featuring the pressure:

Forn € {0,--- ,N — 1}
Find (p" ™, ™! p"™) € Lyt x Eg x Ly such that for any (q,v) € Ly x He,
Equation holds and,
/int(pu)”'H v dx + be (PP u T v) + /ngHDg(u”H) :Dz(v)dx  (17a)

-l-/Vgp”H-’vd:c:/ng-'vdaz.
Q Q

Unlike the former weak formulation of the scheme (I6a)-(16b), this formulation yields the same
algebraic equations as the “strong” form of the scheme (12)).

3.2 Discrete operators

Along with the divergence formula, we resort to the following local conservativity property for the ap-
proximation of (I): for any given edge o = K|L € eW i e Hl, dﬂ, let ng , stand for the unit normal
vector to o outward K, and ug , be defined as ux , = U, Nk - - €;. With this definition, we then have
the usual finite volume property of numerical flux local conservativity, through any primal face:

UK, = —Ur, foro = K|L & Ey. (18)
and a similar property holds for the fluxes through the elements € € g

We mainly focus on the discretization of differential operators for the space variable. Regarding the
time derivatives, special consideration will be taken for the approximation of d;(pu )™ ! in (T12B) to yield
the consistency with the discrete mass balance on the dual cells. The latter is primordial in order to obtain
a kinetic energy balance that is analogous to the continuous case [17].

The continuous mass balance equation (Ta) is first discretized on M by homogeneity with the discrete
density. Hence, for any K € M, we have:

il 1 n
(divye(p" T u™ ) g = K] > FRL (19)
c€el(K)



where Firtl = |o| pittu’it! for K € M, o € &(K) stands for the mass flux across o outward K at
time ¢"*1. The value of the densny at the face o is approximated by p, using an upwind scheme,

1 _ n+1 if un+1 >0,
ot =0 0)
P otherw1se.
Discrete divergence operator divy, :
Additionally, the discretization of the incompressibility condition is straightforward,
diVM : Hg — LM
u|—>diVMu Z Z ’0’|qu 1K7 @h
KEM oee(K)
and we may introduce the space of divergence—free functions from H g,
Eg(Q) = {’LL € H&o ; divyg uw = 0} 22)

We proceed with the approximation of the momentum balance equation (Ib). Let us define the
discrete gradient of a function w € H¢ (in compliance with the H' norm and seminorm). For (i, j) €
11,4 ? we define (0;u;), the approximation of (9ju;), as:

< (i)

Az ) (Mo - €)) fore = olo’ € &
(5jul-)D€ = (23)
“Uo < ()
o, €5 fi
d(wmw”)(n < €j) ore € &, tﬂ&'( o)

where d(-, -) refers to the euclidian distance of R? and N,  designates the unit normal vector to e outward
Dy.

As we now have to deal with functions which are piecewise constant on the cells D, for e = o|o €
€(:9) let us define H Z(ig) as:

Hyun={¢= > ¢lpn, ¢ceR}, ije]id 24)
ec& (i)

Discrete gradient operator V) :

Let? € ﬂl, dﬂ , we consider the discrete gradient of the 7™ velocity component u; as follows,

Vi - Hewy — i
£ 30 H Hz 25)

u; = Vemu; = (51ui, o, 0qu4)
with 0ju; = Z (0ju;)p, 1p, and (Ou;)p, satisfying @23).
e€€(izd)

Remark 3.2. Considering that the (¢, )—partitions, i € [1, d] coincide with M, we note (J;u;) in lieu
of (0;u;)p. when e C K. Additionally, the definition of (3J;u;) given by is consistent with by
noting that {2k = d(x,, x,) for (o, 0") € £(K) N WD,

KT —
Remark 3.3. By analogy with the continuous case, the discrete space H¢ o is endowed with norm
-, ]1,e,0 where,
Hey o x Hey g — R Hg;ox Hep— R
' ' and (26)
(u,v) = [ug, vily e g (u,v) = [u,v]1e0



verifying,

€] le] ‘
[uill? g o = [, wily g o= Y . (o = o)+ Y. gy fori=1...d (27

EGE(Z)

int ext
e=olo’ €CO(Do)
d
ulli g0 = [u, ul1e0 = Z ”uiuig(i)ﬂ- (27b)
i=1
/ Viu:Vivde = [u,v]1¢0 Yu,v € Hep. (28)
Q

Lemma 3.4 (Discrete Poincaré inequality ([35])). Let D = (M, &) be an admissible MAC mesh of (2.
For any element uw € H ¢  the discrete inequality holds,

w2y < diam(Q)[|lu][1e0 (29)

Discrete gradient operator Vg :
As the discrete pressure belongs to Ly, its gradient is homogeneous to an element of H¢:

Vg : LM — Hg’()
. (30)
p+—> Vep(x) = (01p(x), ..., dap())
where 0;p = Z (Op)s 1p, € H e(i) o 18 the i—th discrete partial derivative of p given by,
cee®
o
(0p)s = |L)|| (pr —pK)(nK o - €;) for 0 = K|L 31)
and we have the following duality property connecting divy and Ve:
Lemma 3.5. Let (q,v) € Ly x Hg . Then,
/ q divyv dx +/ Veq-vdx =0. (32)
Q Q

Proof: From the definition of divy(v € Ly and Veq € H¢ o, we reformulate the left hand side in
as follows,

Z | K|qxk (divaw) K+Z Z |Ds|(Veq)ovs = Z Z |U|UKUqK+Z Z lol(qr—ar)vK,o

KeM i=1 0681(:]1 KeMoeé(K) i=1 0651(;)t

oc=K|L o=K|L

Using the local conservativity property (I8) as well as the boundary conditions for u, the first term may

@ toyield Y |ol(ax — ar)vro. O

0€&int

be rewritten so as to sum over the interior primal faces & € &

10



Approximating the convection term in the momentum equation.

We carry out the discretization of the term 0;(pu) + div(pu ® w) in (Ib) at time ¢ €]t,,, t,4+1] with a
few precautions for the purpose of obtaining a discrete kinetic energy balance. For other instances of this
approximation we refer to [[14, (1] in the context of finite element schemes, to [23]] for a MAC discretized
scheme adapted to DDFV Finite Volumes in [18]].

Leti =1,...,dand 0 = K|L € SI(Z)t Owing to the fact that the discrete density lies in Ly, we
resort to a convex comblnatlon of px and py, for the computation of ( pu)”Jrl

1 1 1
(pu)™™ = > ppttustip, € Hew g,
oc&®

where (p%t ) ) € H, satisfies:

oeell
|Do| 5 = Dol P3¢ + |DLo| ™ (33)

As a consequence, the discrete derivative 0;(pu;)" ! approximating d;(pu;) is given by,

1
O(pus)" = &(P?)ﬁl uptt — ph ul)1p, € Hew o

oe€@®
Leti=1,...,dando = K|L € 8.(?. Focusing on the nonlinear term div(pu ® u), we have:
/ div(pu;u) Z /puzu Nge dy(x Z Fo ctie.
v e€€(Do) e€€(Do)

where the values F};  and u, are to be determined through convex combinations of (u ), and { F Ko, K €
M, o € E(K)} respectively. For ue =~ (u;)| we adopt an upwind scheme :

i >
u€_{ uy ifFye>0 (34)

ul.  otherwise

The dual mass flux through € outward D,,, denoted F5, ., is computed following [23, 22, [17] for the mass
balance equation to hold on D,,. Let e € &lij ), then the value of Fy ¢ is determined by the orientation
between € and e; (Fig. f):

1 e

5 (—FKJ + FK,O'/) ifj =1

Fa,e = 1 (35)

B (Fxr+Fr,) otherwise.
In the first case there exists K € M and o/ € € such that ¢ = olo’ C K. In the second case, given
that o = K|L with (K, L) € M? we may find 7 € £(K), 7’ € &(L) with 7,7 € £U) s0 that € can be
defined as the union of half of each of the two faces 7 and 7’.
Remark 3.6. Regardless of the situation, there exists (pe, @) such satisfying F, . = |€|pctic(Ng,c - €5)
where:

Po* Po! Polle * Portle! if j =i
2 Po + pPo
(e, Tic) = / / 36)
(T‘PT + |7 [pr |Tlprur + |7 pT’“T’) otherwise.

Tl +17 T Al + 17 o

It follows that the nonlinear convection operator Céi) associated to the ¢—th component of the mo-
mentum equation is defined as,

CE(:Z) (pu) . He(i)70 — Hg(i)70
v Cél) (pu)v = Z Z Foevelp,.

oeell ) eee )

int
6—0"0'

11



T € e
FK,J’ F(T«,F _FKo
—X —F —x + + +
B E o [S) K o L

Figure 4: Dual mass flux associated to € = 0|0’ € E%

for e 1 e; (left) ; for e L es (right) ; (d = 2)

where ve and Fj; . are given by (34{36). The full convection operator is given by v € Hgg +
Ce(pu)v = (Cél)(pu)vl, . ,C’éd)(pu)vd)T, and for ¢ = 1,. .., d the following duality property holds
on £0;

/C pu Ude Z Z ’ |peueve Nge - ej)

068 €€S(D )

e=clo’
- Z |€|P€’&5U€(w:’ - wd)(no,e : €j>
P 37)
= Z | De|(pti;) D, (vi) D (Ojw;) D,
ec&(i:9)

vz (p)z) - Vimw de

where vz, = Z€€g(m velp, and (ptt)z) = ZEGE(LJ‘) pelcdp,, with v, pe, U, given by (34)-[36). By
analogy with the continuous case, we associate a discrete trilinear form to C'¢ (pu):

V(p,u,v,w) € Ly X Héo,
=3l ) (38)
be(pu,v,w) = g be’ (pu, vi, w;) g C (pu)v wZ dex

Remark 3.7. Owing to the definition (35)) the mass balance holds over the dual cells: let (p,u) € Ly X
Hg ) satisfy (12a) and 0 = K|L € e Using the approximation of the mass balance equation (Ia))

int*

over K and L combined with |K| = 2|Dg | and |L| = 2|Dy, | yields:
1 1
5 (Pbyt = Pb,) Z Fpe=0. (39)
668 (Do)

Discrete diffusion operator
Following the introduction, the momentum balance equation for variable viscosity and variable den-
sity incompressible flows involves the diffusion term div(uD(+)), for which u(t,x) € L*>([0,T] x Q)

is the dynamic fluid viscosity (see (Ib)). As in the continuous case, the diffusive term discretization,
denoted dive (D)(+), should allow the discrete counterpart of the following integration by parts:

V(u,v) € H%’O, —/Qdiv(uD(u)) cvde = /Q,uD(u) :D(v) de,

12



to hold, but also match with the discrete analog D (-) of the strain rate tensor. Hence, let

D;: Hg—)H

& i,j=1 S(ZJ)

(40)
u— Dgu = (5(6j'di + 0ij))ij=1,...d

where 0;u; = Z (0ju;)p, 1p, with (0ju;) p, given by (23).
ec€(id)

Thus, foreach 0 € €W N &, i € [1,d], let us consider the average onto D, of the i*" component of
the momentum balance

6Uz 8uj Iu 8ul a’LL] -
/ Z al‘] 2 a.’E] 8'1"7, Z / 2 8$] axz )(n0'75 N e]) d'}/(w) (41)

668
eLej

In order to approximate (41)), viscosity values that are computed onto the dual faces ¢ € € are
required. As we assume that the viscosity depends continuously on the density, (ue) = will be de-

fined from (pK) Kenm in a way to be determined. Moreover, recalling that the sets { D, € 6 £} and
{De, € € eu ")} coincide ; the approximate values of (1te) 7 are chosen to insure that the N¢-matrix
relative to dive (uD)(+) is symmetric (where we identified Hg’(] to RVe with €| = Ne).

More precisely, if one considers a dual face € € g(DU) N EW withe L e, the approximation of the
surface integrals in (41) are dependent on whether ¢ is perpendicular or tangent to e;,

= Uy

. TN
p,Ou;  Ouy B
S5+ 7)o - €5) dy(z) = He (( Yo' — Ug o
/62 Orj O ’ el 2 ((d(ma,mw))(n”’E ej)+
(ﬁ) (e - ei)) (noe-e;) otherwise.

(42)
In the first case we use the definition of (0;u;)p, from (23)). In the second case, setting o = K|L with

(K,L) € M?> wemay find 7 € &(K), 7’ € &(L) with 7,7’ € £U) s0 that € can be defined as the of half of
each of the two faces 7 and 7/. Additionally, there exists ¢’ € £U), ¢ L e; verifying D, = ¢ x [z, z/].

ou; n Oou;
2°0x; Oux;

From the approximate value of / ,u( )(Toc - €5) dy(), one can denote by dive (1D)(-) the
discrete diffusion operator by setting
dive (uD)() : Hgo— Hgg

u — dive (uD(u)) = (dng)( D)), divi?( ND(U)))T 43)

with for ¢ € ﬂl, d],

. (2 € €
D) = 3 5 Ot Sy, (e e 1 (44
oce® ccé(Dy)
EJ_ej

computed by the previous values (42)).

Lemma 3.8 (Duality dive — Dg). Let D = (M, &) a MAC mesh of (.
Then for all w,v € Hg,

/Qdng (uD(w)) - vdx = — /Q pDg(u) : Dg(v) dz. (45)

13



Proof: From ([@3))—(@4)), the left hand side of equation can be written as,

d
Z/Qdivg)(,uD(u)) v de = Z Z Z — (Oju; + 05uj) p_ (Mo - €5)v0
i=1

b=l gce(l) e€€(Dy)
ELEJ'

Sint

d
He
= -2 X el (Bjui +0iwj) p, (Teoc - €5)(Vor = o)

b=l €l

e=olo’ ce®

int

d
+ Y ’6’%(5jui+5iu]‘)[)€ (Moe - €5)V0
4,j=1 EEE(’L])
c€€(Dy)NEL)

ext

Sezt

The velocity fields u and v vanishing on the boundary, and owing to property of symmetry { D, € € iy )} =
{D.,e € UV}, one can reorganise the sums S;,,; and Seyt,

Sint = —= Z ( Z \e\%(ﬁjui + 5iuj>D (Mo - €5) (Ve — Vg)
i,j=1 ece(i:d) ¢

e=o|o’ e

int

+ Z ’6/ % <8]u2 + 6iuj)D; (nm/ . ej)(vTr — ’UT)> .

el
e=r|r’ 65(51)

Using |e| = |D¢|/d(xs, xy ) and |€'| = |De|/d(2r, 2,1), We get

Sip = —— Z ( Z \DJ%(E}]-UZ- +6iuj>D6 (5jvi>D

7.7 1 56E(Z 7)
e=o|o’ €L,

€

(%)

int

n Z |DE,|“26/(@ui+?:5mj>Dél<5in)De/>'

€&

e=r|r’ cEW)

int

We proceed similarly for S,,; and obtain after summing over the dual faces ¢ € “ég;)t

outcome,

Sint + Seqt = — Z ‘De’% (5]% + 5in)DE (5]'1}1' + 52‘113')1)6 = — /Q /LDE(U) : DE(U) dx.

€€l

the expected

]
In order to derive apriori estimates later on, we resort to a discrete Korn inequality for the purpose of
recovering the H ¢ o norm of the velocity.

Lemma 3.9 (Discrete Korn inequality). For any u € H¢ g we have,
lulleo < V2 Dg(w)] L2 (46)

Proof: We resort to the discrete counterparts of the arguments used in [6]. First and foremost Lemma
is adapted to the discrete operator VI to yield,

d ; )
3t =3 5 5 e (32),

=1 eefzeee(p)
m EJ.ej

d
== > IDd (g;”g:j) /v w: Viude
i 1

ij=1 (i)

14



Moreover, for o = K|L € ew

int

The result above is demonstrated for the terms when j = 7 by noting that for (e_, e, ) € (&(
we have |0 = |ey| = |e_| et nge = —ng o si D = K.

D) N &)

Otherwise when j # i, then if ¢ = K|L there exists (71, 7_) € (E(K) N EW)2, (74 ,77) € (&(L) N

EUN2et (e_,ey) € (8( o) N el 7)) verifying:
% €4 the union of half of each of the two faces 74 et 7/ : ng ., =ng,, = IR

 €_ the union of half of each of the two faces 7_et 7 : n, =ng, =n L -
Then,
lerl/d(@r,, @) = |e-|/d(xr_ 27 ) = |o|/d(xr 27 ) = [0]/d(211 210 )
to end up with Z |(0iu) D, (Mo - €5) = |o| ((Oju;)r — (Ojuj) k) (MK, - €)-

e€é(Dy)
ELej

Using those results combined with (32)) we obtain,

Viu:Viuder=— [ u-Ve(divpu) de = [ (divyu)? de
o °© ¢ Q Q

which finally yields the discrete Korn inequality,

/D (u) de :HqugO—&-/V%u:V%udw—i—Q/(divMu)Q dx
” Q Q

> 2[ulieo
thanks to the symmetry property,

/VTu VTudas—Z Z |D[5u]D—/Vu Vzu dz

7‘.7 1668(1 7)

(47)

(48)

Finally, special attention is given for the computation of the discrete viscosity tensor in (I2b) in order

to gain a symmetry property for the diffusive operator:

Definition 3.10 (Computation of the viscosity “tensor”). Let iz : p — pu(p) be the C? viscosity from the
continuous formulation of the problem (I). Then, the discrete viscosity is function of the discrete density

in the following manner:

For0 < n < N — 1and p"™! € Ly satisfying the discrete mass balance equation (12a), we define

"t € Ly as,

Mn-f—l _ n+1 Z Mn+1lK with 'un+1 Iu(an+1) VK € M
KeM

15
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Additionally, for any ¢, j in ﬂl, dﬂ we compute HZH — the discrete viscosity tensor associated to &) _

from the values (u7) enr and we have:

pitt (@) = > it p, (x) (50)
eeg(i)
cle;

Therefore ,u?jﬂ belongs to the space Hy, ;) defined by (24).

Lete € £6:) M EY = {e c €Y ¢ | e;} be the dual face separating D, and D,s. If i = j then we set

ptt = pnif e is included in K € M (see Figure . Otherwise, we may find (K, K', L, L") € M*
verifying 0 = K|L and o/ = K'|L’ (see Figure@) and we define ;"1 associated to the dual cell D, as,

1
[Delpe ™ = 3 (™ + L™ 4 K e + L) (51)

Ifee &) nED = fec&l) el e;} then e € &(Dy) N €Y for some o = K|L and we are in the
configuration illustrated in Figure Hence |D.| = 5|D,| = ;(|K| + |L|) and we set:

1
[Delpet = 5 (1K™ + |l ™) - (52)

Finally, so as to avoid an unnecessary excess of notations in some parts of the chapter, we note ug‘HDE (u) =

3 (i (05w + Biug))ij=1,...d-
Remark 3.11. Indeed, when ¢ = j we recall that the partition given by {D,, e € g(i*i)} coincides with
the set of primal cells K € M. Moreover, thanks to the equivalence of the partitions {D., € € gl )} =

{D., e € G} there exists € € €U+ such that pie = pi.

K’ L
€ ne |y
e
o T o
HE= e u_% /ﬁ_L
K= D K _ o L
3

K’ o L K’ L
Kic B WK jay
+ + + o+
€ *He T */JE T/
D, D
+ -+ e -+
%5 Hr 12024 1237
K a L K L

Figure 6: Computation of (5T) for e € €1:2) and ¢ € €@V (d = 2)

Thus, the viscosity tensor given by the definition above yields the symmetry of the diffusive operator as

16



needed. We give below a formulation equivalent to (12)) using the approximations defined so far,

Let u’ = Hgug € Hg, and p° = TIypo € Ly

Forn € {0,--- ,N — 1}

Find (p" "1, w1 p" 1) € Ly x Hgy x Ly satisfying :

1 1
< (P = pli) + & S oFpti=0 VK eM  (53a)
o€ (K)
1 1
57 Py u = plb,ug) + B DR et (53b)
7 EEE(DU)

— (dive (uzDz (w"™)))p, + (Ve p")p, = f271 ViVo € &)

int

> loludtt g, =0 VK €M (53¢c)
c€el(K)

> Kk =0 (53d)
KeM

4 Preliminary results and tools.

Due to the staggered nature of the MAC grids, we are led to deal with convex combinations of the
discrete solutions (p" !, u"1) € Ly x H¢ . Furthermore, at some point in the proof — mainly during
the passage to the limit in the discrete scheme — we are required to control those quantities to assure their
convergence. Hence, we define in this section several “reconstruction” operators so as to cover all our
needs.

Definition 4.1 (Reconstructions from M to £®)). Let D = (M, &) be an admissible MAC mesh, and
1€ Hl, dﬂ . We define the reconstruction operator from Ly to He ;) as follows:

()
IRESV[ : LM — Hg(i)
(©) (©)
¢ = Ria= D> (R Do, 1o, + Y. ax lpg, (54)
068&1 aéﬁgi()t
o=K|L oeé(K)

where,

(RSt a)p, = aoaic + (1 - ag)a, with g = |Dicol/ID,| if o= K|L e €l

int

and we note that the value (.’Rﬁi) q)p, foro € E(K)NE ((;()t is coherent since | D | = | D, |. Additionally,

we introduce the following reconstruction operator from Hg ;) to Ly :

RJEVEZ.) : Hg(i) — LM
55
KeM
where, )
(R v) K = 5o +ve) with (o, o') e (&(K)neW)?
which again is coherent as we have | Dk | = |Dk | = |K|/2.

17



Remark 4.2. Both operators are clearly linear. Additionally, for ¢ € Ly and v € Hg(;), we compute

fRﬁi) q and ngEi)U through convex combinations of the values (gx ) ken and (Vo) ,ce () respectively.

Let us prove the following stability result,

Lemma 4.3 (Stability in LP, p € [1, 00]). Let g € Ly and v € Hg iy for some i € ﬂl, dﬂ. Then,
(3)
RS all o) < Nl and | R vllze@) < Ivllzr()

Proof: We prove the first estimate only since both proofs are almost identical. The case with p = oo
is straightforward since we are dealing with convex combinations. Thus, let ¢ € Ly and p € [1,00).
Using Jensen’s inequality and |D,| = |Dg »| + |Dr | for o = K|L yields:

(@)
HR%[ Q||I£p(9) = Z |Dollacqr + (1 — ag)qr |’ + Z |DK,U||QK‘p

gegi(ril)t Ueggc)t
oc=K|L ceé(K)
< Y [IPkollaxl +1Deollacl | + > [Dicollascl
seel) seel)
o=K|L & (K)
< 3 K llaxl? = gl
KeMm

]
In the same manner we define, following [17], a reconstruction operator from Hy ;) o to Hy(; ;) for some

(i,) € [1,d] 2. The latter will allow us to deal with the quantities (pe, ue) .z appearing in the nonlinear
velocity convection term in (53b). Then, we may reformulate the trilinear form be defined by (38)) so as
to obtain estimates necessary to derive the a priori estimates for the problem, as well as the convergence
of the scheme.

Definition 4.4 (Reconstructions from H et o tO H-g(i7j)). Let D = (M, &) be an admissible MAC mesh,
and,j € ﬂl, dﬂ . We define the reconstruction operator from Hy )  to Hg, ;) as follows:

(4:7) .
R~ . Hg(i)p — Hg(i,j)

3
v s Rgﬁ)v _ Z (Rgﬂ)v)De 1p.,, (56)
ee§<“
eleld
where, o
N ey + (1 — ae) vy if e=o|o € Sl(fl)t
(R 0)p, = _ .
Qg if e€&(Dy)N Eg()t
and a, € [0, 1] to which we give a meaning below (Lemma [4.6)).
Lemma 4.5 (Stability of ﬂzg’j ) in LP,p € [1,00)). Let p € [1,00). Then, there exists Cy, > 0

depending only on my such that for any v € Hg )  we have,
HRS’])UHLP(Q) < Copllvll ze(0)-
Proof: Using a. € [0,1] and (a + b)? < 2P~ 1(aP + bP) for a,b > 0 yields:

1RSI o < 270 2 D (vl + o)+ 3 1Del o

eegf;)t 56~€th
e=olo” i (Do)
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b
76 €
D.
Yy, o Y - =
D
(R 1) p, (R ur)p, (R8Puy) p, = arc g

Figure 7: Reconstruction of the first component of the velocity (¢ = 1 and d = 2).

We reorder the sum then use the regularity of the mesh 7, to bound the measure |D.| + |D| by
Chyi | D, with € and €’ being the two dual faces of D, orthogonal to e;,

I8 iy <27 3 D+ el < 277 ool
oell

e, €€(Dy)

O

g ), we give another useful formulation of the trilinear form bg as follows:

Using the reconstructions by Rg

Lemma 4.6 (Reformulation of bg). Leti € {1,..,d} and (p,w, v, w) € Lyx H? Let bg) (pu, v;, w;)

e@0
be defined by (38). Then there exists three reconstruction operators : (92-(5 " ))p, (R(g " ))“ and (fR-(g " ))“ in
the sense of Definition[4.4|such that,

d
b (pu, viwi) = — 3 /Q (RID)? 9y 5y (R 10y (RED ) 0,00 dae (57)
j=1

where (pe(;)) = (po)ycet) are the values defined on &) computed from p € Ly using the upwind

scheme (see (20)).

Proof: By the definition of bg) (pu, v;,w;) in (38) and the duality property of the convective term
we have,

b (pu,viwi) =~ Y IDel(puy)p, (vi)p, (003,
ecé (i)
d
= - Z Z | De| petteve (05w;) p,
J=1 ecglin)
e=olo’

From their definitions in (36]), we have that p. and u. are convex combinations of elements € & lying

on the faces of D.. Therefore there exists two reconstruction operators (R(Ej’i))/’ and (R(EJ ’Z))“ such

that ((Rg’i))ppg(j>) D. = pe and ((Rgl))“u) p. = ue. Finally, v, is given either by an interpola-
tion or the upwind scheme (34), hence we also have the existence of an operator (fRf(éZ I ))“ verifying

((iR(g g ))”v) D. = ve which concludes the reformulation of bg). O

Thanks to the reconstruction operators we may derivate the discrete equivalent of the classical esti-
mates on the trilinear form [35] and we have,
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Lemma 4.7 (Estimates on bg). There exists a constant Cy,,. > 0, depending only on 1y — as defined in
) — such that for any (p,u,v,w) € Lyt x E¢ X He,o we have,

[be(pu, v, w)| - < Coylpllzoe o) 1l La@e 10l Lagye [[wllie0
(58)

|be (pu, v, w)| - < Ty lpl]

Proof: The result is a direct adaptation of [[17]. Let us consider (p, u, v, w) € Ly x Eg¢ X H%,o- For
(i)(

any i € {1,..,d}, we use Holder’s inequality on the reformulation of b, (pu, v;, w;) to yield,

ZH )2 (RYD)ul| oy | RED) 00| gy 020 22

‘bg) (pu7 Vi, wz

Using Lemma and the fact that (IR(EJ ’z))ppgm is obtained by convex interpolations of values of p
yields the first estimate of (58)). The second estimate holds thanks to the discrete Sobolev inequality [13]
Lemma 3.5]:

[vllze@) < Clmo Dllvleo Vv e Heo Vg€ [2,6]

which allows us to control the L* norm by the discrete H} norm. ]
Finally, following [16]], let us define the following Fortin operator:

i) . Hy(Q) — Hg(*) 0
Vi — ﬁ(g)vl = | / lDU (59)
ee(l

satisfying the following criterias [16]: a continuity from H (1](52) to H¢ o and the preservation of the
divergence in a sense explained below. Hence for v € H}(2), we have,

w160 < Coppe V0| 2(0yixa (60)

where C),,, is a constant depending on 2 and 7y (in a non-decreasing way) only. Additionally ﬁg
verifies a divergence preservation property:

/quivv de = /quivm(ﬁgv) dx Vq € Ly (61)

Setting ¢ = 1 for any K € M, an important consequence is:

divyg(Hgw) = Iy (divo) (62)

5 Estimates and Existence results

In the present section we aim to prove that a solution to the discrete scheme (12)) exists at any given time
t™. In order to deal with the nonlinear terms in equations we use the topological degree theory
for which we recall some relevant advances. These results can be found in [[10] and their applications to
numerical schemes in [12, 24, (17, [14]

First we demonstrate some preliminary results and estimates regarding the solutions of (12). The
following uniform estimate is a classical consequence of the upwind choice in the mass equation and of
the fact that the velocity is divergence-free. Then we derive bounds on the velocity and pressure which
are needed for the existence result.
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5.1 Estimates on the discrete solutions

Lemma 5.1 (Estimate on the density - discrete maximum principle). Let D be an admissible MAC
discretization of Q). Forn € {1,--- | N — 1}, assume p™ € Ly is such that 0 < ppin < p" < Pmax-
If p"t1 € Ly and w™' € Hyg satisfy the discrete mass balance (12a) and the divergence constraint

(12d)), then
n+1

Pmin < 1% < Pmax - (63)

Moreover, provided that the discrete viscosity ;" € Ly defined as in Definition[3.10]satisfies 0 < fimin <

B < Umax, we have

Hmin < ,un—i_1 < Mmax (64)

Proof: Starting with the right side of the inequality (63)), the discrete mass conservation equation (12a)
given on K € M is multiplied by |K|(p% — pmax) ™. Summing over cells K yields,

K n n n n
Z ‘(%’(p]é_l — PK )(PK+1 pmax + Z Z FKO’ +1 pmax>+ =0 (65)
Kem KeM oee(K)

A B

The desired inequality is obtained by the first term in the equation. We focus on the second term, denoted
by B, which we reformulate using the divergence constraint as,

Z Z ‘O—‘UKU n+1 n+1)(p7fl{+1 - pmax)+

KeMoel(K)

Let us denote sign(x) = 1 if x > 0, and 0 otherwise. Therefore,

Z Z sign(p n+1 PmaX)‘U‘uK,a(pT}L(+1_PmaX)((P?{—i_l pmax) = (057" = pmax))
KeM oel (K)

Using 2a(a — b) = a® + (a — b)? — b? and (53c) we end up with,

=—*Z Z sign (o — pumae)[ouro (00 = P22 = (02 = pinas)?)
KGMUEE

We perform a discrete integration by parts by rearranging the sum over the edges,

1 .
B==3 3 lolurco (sign(o = pmad (03 = o) = (o™ = pruas)?)
o€
oc=K|L
— sign(p] ™ — pmax) (07T = pa ™) = (o™ - pmax)Q))
n+l n+l n+l n+l

This term vanishes if p7-"", p; " < pmax and positive if pi" ", p7"" > pmax (OWing to the assumption
that the upwind scheme is used for the density). In the remaining cases, using the upwind scheme
assumption and the order between the values p”“, pzﬂ and ppax We show that the term is positive.

Thus we conclude with the negativity of A in (65]) which in turn yields that,

K K
Z ‘(Sg(p}@(—‘rl - pmax)(pr[L{—H - pmax)+ < Z lét‘(p?}( - pmax)(PT[L(—H pmax)+ <0
KeM KeM

Therefore (p?;rl - pmax)(p?{‘H — pmax) T <0 VK € M, and p"+1 < Pmax-

n+1
1

Using similar arguments, the mass conservation equation is multiplied by | K |(p}
clude with p”+1 > pmin. Finally, the extreme value theorem combined with p" p”+
e [Hmm’ ,Umax] yield the bound fimin < ,Un+1 < Hmax-

— Pmin)_ to con-
[pmina pmax] and

0
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Remark 5.2. As a consequence, the estimate holds for the discrete viscosity HZH by being a recon-

struction of "1 (G0)-(52).

Remark 5.3. The result still holds for non-homogeneous boundary conditions under the assumption that
Pt is given by p"+1 on I';, # 0 and verifies ppin < p”Jrl < Pmax-

From the discrete mass balance equation we also derive the following estimates, including a weak
BV inequality. Those bounds will be required to deal with the density variations in the convergence
proof. In the case of nonlinear flux functions, we may still be able to bound the total variation of the
density using Lemma 5.5 from [13]].

Lemma 5.4 (Weak BV estimate for the density). Any solution (p,w,p) to the discrete scheme
satisfies the following equality, for all K € Mand 0 <n < N — 1.

K] 1

a5 LR = (R)PT +5 D 1ol (og™)? uily + RiH =0, (66)
c€el(K)
with the remainder term iR"KH given by,
K 2 1 2
®it = Bt i) = LS ol (ot - ) G

As a consequence, we get that

1 ot 1
5 2 K + 5 Y lol (o™ = o™ g1+ R =5 D0 1K1k, (68)
KeM o€&int KeM

o=K|L

1
where R;H'l =3 Z K |(p) " — plk)? > 0. Thus, the following weak BV estimate holds:
KeM

Zdt ST ol (0 — pk)® Juk .| < €, (69)

n=1 Geemt
o=K|L

where C > 0 depends only on the initial data || po|| 2.

Proof: Let us multiply the discrete mass balance equation (12a) by | K| p?{'H. We deal with the discrete
time derivative term by using the identity 2(a? — ab) = (a? — b%) + (a — b)? witha = p and b = p.
We then apply the identity 2ab = a® + b? — (a — b)? with a = p’" and b = p*! for the primal mass
fluxes in the second term. We obtain (66)—(67) by noting that,

S Jol(pp )2t = (pn ) (divacu) i = 0.
ce&(K)

We then sum (66) over the cells K € M. This yields all the terms of (68]) but the second term. The latter
is obtained from reformulating the sum in the second term from /. R”KH to obtain,

=3 2 ol (0B =k’ = (™ = )7 i

and using the definition of the upwind approximation of p,. Thanks to the boundary conditions on w,
the terms on o € &g vanish. Finally, the second term in (66) vanishes from the local conservativity.
The last estimate — the weak BV estimate — is obtained by summing (68) over n. U

Lemma 5.5 (Discrete L?(Hg) /L% (L?) velocity estimates). There exists C > 0 depending only on
uo, po, po and f such that, for any function w € X 5 satisfying (12), the following estimates hold:

N-1

1wl Z200m, o) = 2 Ot 1" [Fe0 < C, (70)
n=0
_ +1

1wl oo 0,7522(0)0) = x| [ L2y < C. (71)
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Proof: We start from to derivate a discrete kinetic energy balance. First, we multiply by
(untl),fori=1,...d,Vo € 81(3 and rearrange the resulting relation to obtain,

1 1
(5Bt = b) + oy 2 Fad!)s™)?

7 ece(Dy)
1
1 1 1 1 1 1
g ) — o S FR e g — )

e€€(Dy)

— (dive (D (™)) p,uf 4 (V ) puitt = frrtlupt]

The first term vanishes since it can be expressed as (53a)) averaged over K and L for 0 = K|L,
assuming a suitable choice for kaU. For the second and third terms we use 2ab = a? + (a — b)? — b%. We
use (53a) once again to deal with the term —5 3" ¢ (p ) Fo'd ' (ug )% Thanks to the approximations
uP ! = (un ! + w5 /2 when € = oo’ the term (u ’;H w2 — (urt1)? yields —ultlut We
are left with the discrete kinetic energy identity,

1 ( n+1l/, n+1 n+1 n\2 n n 2) 1 n+1, n+1, n+1
+ —uy)" — Uy — Fo 2 u
26t|Dg| ng ( ) Do-( ) ng( ) 2|Do" Ee%g) s o
~ (dive (2D () p,upt (V) putt = gt (72)

Let us sum (72) over the faces ¢ € El(fl)t fori = 1,...,d and over time for n = 0,..., M with
M < N — 1. The convection term can be rearranged as,

M d

SN e E

n=0 i=1 668512
and thus vanishes by conservativity of the numerical flux along € = o|o’. The duality property (@3]
combined with the Korn inequality (46)) allows us to retrieve the H ¢ o norm of u"*! in the third term.

The pressure term vanishes thanks to and (12¢). Finally, from the positivity of the density we have

ph, (ultt —ul)? > 0. Hence we get,
(1+1) (M
*ZZ|D| ) ZZ!D\/)DU Y)?
=1 68() =1 ES(Z

int int

+umm‘”2n ”“\|1go<22 SO 5D, | frH .

n=0i=1 5cg)

By Lemmal5.1]and thanks to the Cauchy-Schwarz, discrete Poincaré and Young inequalities, we then get
the existence of C' > 0 depending only on €2 and f,,;,, such that

Mmin

M
Z ot Hun—HH%,E,O + PminHu(M—i_l)H%?(Q) < pmaxHuOH%Q(Q) +C Hf||%2(07T;L2(Q)d)'
n=0

On one hand, we can conclude with the L>°(L?) estimate ; on the other hand, taking M = N — 1
yields the L?(H ¢ ) estimate (70). O

Lemma 5.6 (Non-uniform bound on the pressure). Let (p",u",p") € Ly x Heg o X Ly o be given and
assume that (p" 1, w1 p"t1) € Ly x He g x Ly satisfies (I2). Then there exists a constant C > 0
depending only on py, 1o, 0t, m, f, and ) such that:

Ip" 2 < C (73)
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Proof: Let (p""! u™tt p"+1) verify n + 1—th step of the discrete scheme (T2). Since p"*! € L3(Q),
then there exists a unique weak solution in H'(f) to the Poisson problem —Aw = p™*! on Q with
homogeneous neumann boundary conditions on OS2 [6, Theorem III1.4.3]. From this solution we may
construct ¢ € H}(Q)4 so that,

divp =p"™ and  [[Ve||12(qyaxa < Cllp" |20

with C depending only on € (see [3, Lemma 5.4.2] for the construction process). We then choose
v = Il¢ ¢ as a test function in ((17a).

Using the preservation of the divergence property of the Fortin operator (62), we obtain ||p"*1 ||%2 @ =
T + T + T35 + T with

T = / 5t(pu)n+1 ‘v dx, T, = bg((pu)"+1,u”+1,v)
Q

T3 E / /‘gHDg(UnH) . Dg(’v) dx /fnJrl vd
Q

Let us focus on 77; by the Cauchy-Schwarz inequality and thanks to the L>°(0,T"; L>°(2)) bound (63))
on p we deal with (pu)"*! to get

p 2p
1) < ma"z / (g™ g Dol A < P22 e o7 gy oy

We combine the fact that II¢ is continuous in H, a(€2) with the Poincaré inequality to obtain ||v|| 2yt <
C|IVl 12(qyaxa. By the L°(L?) estimate we find C; > 0 depending only on py, 6t, my, f, and
such that [T1] < Ci[|p" | 12(q-

From estimate (58)) on the trilinear form we obtain a bound on T:

(T3] < Copllp™ oo lu" 13 g ollvlh.e.0 < Colpo, e, FIP" 220

again by using the L°°(L>°) bound on the density and the uniform L?(0,T; H($2)) bound on
u. We deal with the remaining terms similarly: using the symmetry property (@8)) of the discrete operator
D¢ on T3 yields,

T3—/Mg+1pg(u"+1):pg(u) de
Q
1 1
_ +ig_,,ntl . 7 +ig_,,n+l . T
_Q/ng Veu" .ngd:v—i-Q/ng Vzu" :Vzvde

It follows by Cauchy-Schwarz : T3] < pmaz|lu™ 1 e0llvlleo < Calposme: £ 2@
We have for the last bound :

Ty < [FeH  2@allvll L2y d2z < Calme, £ 2@

which concludes the proof. O

5.2 Existence result at any given time

In order to prove the existence of a solution to the scheme (I2) at any given time, we resort to a topo-
logical degree argument. In a finite-dimension context, we make use of the Brouwer topological degree
d: A — Z, where A refers to the set of triplets (F, O, y) with O being an open bounded set of RY,
F : O — R¥ is a continuous function and y € R \ F(90). The triplet is such that d(F, O, y) is meant
to express the existence of solutions of the problem F'(x) = y, and possibly their locations in O as well.
Let us recall its relevant properties for our problem,

Definition 5.7. Let A = {(F,0,y) such that O C R open bounded, F € C(0), y ¢ F(00)}. The
Brouwer degree d : A — Z is defined to have the following properties:
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s d((F,0,y) # 0 implies that F~1(y) # ()

« d((F(\,-),0,y()\)) is independent of X if F' : [0,1] x O — R¥ and y : [0,1] — R are
continuous, while y(t) ¢ F(\, 00) for every A € [0, 1]

One can find the remaining properties in [10]. The last property refers to the homotopy invariance,
and will allow us to demonstrate that there exists at least one solution to (I2) by considering a simpler
problem, close to the unsteady Stokes equations.

The fixed-point theory may be seen as a particular case of the topological degree. Uniqueness of the
solution, if it is shown to exist by the topological degree, isn’t guaranteed.

Theorem 5.8 (Existence of a solution). For a givenn € {1,--- | N — 1}, let us assume that the density
p" is such that 0 < pmin < Pk < pmax for all K € M. Then the non-linear system (12) admits at least
one solution (p" 1, un Tt p"t1) in Ly x H¢ o x Ly 0, and any possible solution satisfies the estimates

(63), and ([73).

Proof: Let Ny = card(M) and Ng = card(Eiyt); we may identify Ly with RV and H o with RVe.
Let V = R x RMe x R, Let us introduce the function F : [0,1] x V' — V defined by:

1 n 1
&(PK —pk)+ )\7 Z Fro, KeM
1
&(PD Ug — pD[, 0' +/\m Z Faeue o€ Eint
F()\,p,ujp) = cc&(Ds)
—leg(,u Dz ( )))Do' + (VP)U — fo,
1
—e D lolure+ > |Llpe, K eM.
’K| ce&(K) |K’ LeM

The source term is included in the expression of F', hence we have y = 0y. The function F' is continuous
from [0,1] x V to V and the problem F'(1,p,u,p) = 0 is equivalent to the system (I2). Indeed, the
first and second lines remain unchanged. Multiplying the third line by |/ | then summing over the cells
K € M, we end up with
— Y lofuk,e +card(M) Y |L|pL =0
O'GSext LeM

as the terms over &, have vanished by conservativity. Using the fact that u, = 0 for 0 € Eqyt — from
the choice for Vg and V' — it follows that ) ; - |L| pr, = 0, enforcing the constraint p € Ly . Hence
we have (divu)x = 0, VK € M giving (12).

Also we note that the placement of A in the expression of F' takes all the nonlinearities into account:
the penalization of the convective term deals with the product of p"*! and u"*!, and the penalization of
the mass balance equation allows us to go back to a constant density and viscosity.

In order to define the open set O we make use of the estimates (63)), and (73). Thanks to the
properties of convection fluxes, the problem F'(\, p, u, p) = 0, satisfies those estimates uniformly in A.
Hence, we may introduce C' so that the bounded open set O can be defined as,

.
O = {(pp) €V 5.t P2 < p <2 prua, Il 20 < C and p] 20y < C},

withy ¢ F(1,00). In order to prove the existence of at least one solution to the scheme (12)), it remains
to show that d((F'(0,-),0,0y) # 0. For A = 0 the density still remains variable regarding the space
variable, which prevents us from using directly the results from [5], as done in [17]. Let us consider the
function G : (p,u,p) — F(0, p,u,p). In order to show the existence of a solution to G(p, u,p) = Oy
we make use of the inverse function theorem. The function G is differentiable on O, and its Jacobian
matrix is given by:
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Jac G(p,u,p) = A
S(u,p)
0

where A the matrix in RVe*Mx associated to the differentiation of (pp, s /0t),ce,., and of the
viscous term (containing pz) with respect to (pr ) ken. The matrix S(u,p) € R(Ne+Noo)x (Ne+Nne) g
the Jacobian matrix associated to the MAC discretization of the following Stokes problem with a space-
variable density and viscosity:

Find (u, p) such that p € L3(f2) and

p(x)ou — div(p(x)D(u)) + Vp=f in Q
divu =0 in Q
u=0 on 0N

where p(x), pu(x) € L>°(2) are approximated by pp, and (1i¢) on each dual cell D,.

e€€(Do)
Since A = 0 we have p(x) = p"(x) and pu(x) = p"(x). Hence we are dealing with given, and
strictly positive, real quantities. Therefore S(u, p) is invertible [5]] and so is Jac G(p, u, p) by being a
triangular block matrix. This implies that the topological degree of F'(0, p, u, p) is non-zero and by the
homotopy invariance, there exists at least one solution (p, u, p) to the equation F'(1, p, u,p) = 0, ie to
the scheme (12). O

6 Convergence of the scheme

From now on let us consider a sequence of time steps (3¢, )men and a sequence of MAC grids (D, )men =
(Mo, Em)men — in the sense of Deﬁnition The sequence (3t,,, Do )men Will be assumed to satisfy
(0tm, hay,,) — (0,0) for m — oo in order to return to a continuous formulation of the domain [0, 7' x €.
Therefore, for every m € N, we consider the corresponding discrete scheme (12)) for 6t = dt,, and
D =D,

So as to establish the convergence of the weak discrete scheme as (0ty,, hy,,) — (0,0), we follow
the steps from [17]] — for the nonlinear convection term — and [24] — for the mass balance equation — by
passing to the limit separately in the mass balance and momentum balance equations. This final step
requires the convergence of the discrete solutions (P, U, )meN as m — 00.

The strong convergence of the sequence of discrete velocities is obtained using a compactness result
from Annex [B| The latter may be applied if an estimate on the time translates of the velocity holds,
which we prove in the next subsection.

6.1 Estimate on the time translates of the velocity

In order to apply Theoremfor the compactness in L2, we need to work around the term J; (pu) from
(T2b) to derive a bound on the time translates of the velocity.

Lemma 6.1. Let (p, u,p) be a discrete solution of (12). Then, for a given T verifying 0 < 7 < T we
have the following estimate on the time translates of u,

T—1
/ / u(t, m + 7) — ult, @) de dt < CVr F ot (74)
0 Q

where C' > 0 only depends onI', f, po, po and ny.
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Proof: We proceed by analogy with the continuous case, e.g. [6] to yield bounds on the time translates
of the velocity. Let 7 > 0 and (u, p) € X¢ 5t X Yy 5. Wenote w(t, ) = u(t+7,x) —u(t,x) € Xe 5.
In the continuous case, the estimate is obtained by bounding the term

T—1
| [ etapte s - ptopult.a) - wit.2) d.
0 Q

However in the context of the MAC scheme, the components of w are piecewise constant on different
meshes. Therefore we first deal with components separately.

Let n, be such that T — 7 € (tN—"7=1 ¢N=n7] Forany t € (0,7 — 7) we associate (n,[) verifying
n=[%]andn+1 = [5T]. Thus we have t € (t"1,¢"], ¢t + 7 € ("'~ ¢"] and we may use :
p(t)u(t) = p™u™ and p(t + T)u(t +7) = p"Huntl | Writing p(t, 2)u;(t, ¢ + 7) — p(t, )ui(t, x) =
plt, @+ T)us(t, @+ 7) — p(t, )ui(t, z) — (p(t, T +7) — p(t, @))u;(t, @ + 7), we define A" and A"
as,

AP@) = 3 1D (ot — plp, ) wi

el
: l l
AP = 3 104 (o, — Pt ) wit s
occe®

int

with w? = w2t — ul.

Therefore, we aim to bound the term,

d T—7 . .
3 /0 AP @)+ AV (1) at
i=1

First, let us focus on Agz) (t). In order to invoke the momentum equation we need to retrieve an expression

with consecutive timesteps. Hence we reformulate Agl) (t) as,

n+l—1
APW = 3 1Dl > (b = by, k)
oeeld) h=n

int

From the momentum equation (53b)), we define (Aglj))J, j=1,...,4s0that Agi) (t) = Aj(u) (t) +A§i2) (t)+
A @) + A% (@) with

n+l—1
Al = 30 D Dl g
h=n seell)
) n+l—1
AP = — 33 6tD, @)k w
h=n seell)
) n+l—1
AW = 3" Y 6t|Ds|dive (uD(w)))Et Ll
k=n UE&W

int

n+l—1
EHOE SN DED DD D s oa st

k=n seel)  cc&(Do)

From the definitions of (n,) we note that 6t/ < 7 + §t. We deal with the term fOT - Agil) (t) dt by
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using the Cauchy-Schwarz inequality along with the inequality on 6¢l,
N—n, n+i—1

T—71 .
/0 ADWar< S 602 3 15 ey ez
n=0 k=n

N—n, N-1
n k+1
< N Stllwlllz@) D 8tLyn g (V) 20
n=0 k=0
N—n,

< Y Stlwll gy VOtill fill L2o,rre )y < C(TIVT + 6t (75)
n=0

Owing to the fact that u; € L'(0,T; L?(2)) (by Lemma . The term S| AﬁQ (t) vanishes thanks to
the discrete duality property (32)) and to u being discrete-divergence-free (53c). For the diffusive term
we apply (@3)) followed by the Cauchy-Schwarz inequality. We then use to retrieve an expression
using V; only,

/ dive (D () dae < pras [y ¢ ol] 01,0,
Q

Hence in order to deal with [ I=r Ag?))( t) dt we proceed as in Agl) to obtain,

N—n, n+l—1
Z/ 0 < e S 3 2082 [ Dy g ollw™ 1 g0
n=0 k=n
N—n, N—-1
< i 3 S0 10 Zm[tn st () [ D]
n=0 —
<C(T, uo)mnuup(wﬂw) < C(MWVr+ot (76)

using w € L'(0,T; He ). The term Ay4(t) being associated to be ((pw)* 1, uF 1 w™), we resort to
Lemma.7]and (63] . ) to yield,
d n+l—1

Au(t) = 3" AT @) < pmax Y StV g ol 160
i=1 k=n

Therefore, by the Cauchy-Schwarz and tl < 7 + dt inequalities combined with 1[tn7tn+z_1}(tk“) =
Ljpk—141 got1) (t"), we bound f(;‘F*T A14(t) dt as below,

T—r N—n,;n+l—1
J AR TORTEY S Sl Do sl A I
0 n=0 k=n
N-1 N—n,
< (0 Y ™12 0) (68 D7 Ln gy ()0 1,20)
k=0 n=0
< O(T, po)V'T + 6t 7

Similarly to Agi), we may write the term Agi) as,

n+l—1

Z |D |un+l n Z p'f[L)-L-l)

oce®®

int
Thanks to the discrete mass equation on the dual cells (39) and to the discrete duality formula (32)) we
have:

n+l—1

Ag)(t) = Z ot Z | Dy|divp, (pF bt D w? da
= ol
n4l—1

- Z 5t/(pk+1uk+1)g(z) vg(z)( n+l n) de
k=n Q
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Now thanks to Holder’s inequality, we have :

n+l—1
A0 < pmasdt 3 Dol Ve (4F )l g g

We apply the Cauchy-Schwarz inequality then Holder’s inequality with p = 5 for the gradient term. This
yields,
; 1
A(27/) (t) S pmaXHuHEﬁ(QT;LG(Q)) \/WHVE(Z) (’U,?—i_lw?

M8 e

1 1 n n

Let us focus on the gradient term norm,

l l l
Ve (™ Wl 13 e < Vew (™ Jwi'll 13 qne + luf ™ Ve (wi) |

(@) (@) (L2 ()

By Holder’s inequality with p = 4 we have for both terms,

Ve (U?H)M?H(Lg(m)d < NwPllzo@ I Vewul ™l 22y

z
< Ve ui ™ If 2y + 07 1200

[uf TV ) (W]

z')H(L%(Q))d < N o @ I Ve will z2 0y

!
< ||V6<i)w?”?[,2(9))d + [l ||%6(Q)

Hence we were able to retrieve the norms in Hg ) o of u?“ and w™. Owing to the injection of HJ ()
into L5(£2) the estimates are sufficient. We still require to perform the integration over (0,7 — 7) on
45().

T—1
/0 A () dt <O, po) Vot + T<”Ui”%2(0,T;L6(Q)) + HuiHi2(07T;H€(i>‘0))

Summing over i = 1, ..., d yields the bound on As(t):

T—1
/ As(t) dt < Ol po)V/oE T 7 (78)
0

We may now conclude with the bound on Ele OTfT(Agi) (t) + Ag) (t)) dt by summing i), i)
overi =1,...,d with (77) and (78). O

6.2 Convergence of the discrete scheme as dt, hy — 0.

Before introducing the main theorem for the convergence of the discrete scheme, we state a few results
required for the passage to the limit in the weak discrete equations : namely the consistency of the
discrete derivatives and the convergence of the reconstructions. The former will assure the accuracy of
the approximation of the discrete derivatives, and using Taylor expansions we will be able to recover the
order of the truncation errors. The latter will allow us to control the convergence of convex combinations
of the quantities (py,, u,,) defined on D,,.
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Lemma 6.2 (Consistency of the discrete derivatives). Ler D = (M, £) be an admissible MAC mesh
and p € C°([0,T) x Q). For some n € {Q,N} we note o = (", ) and o) = Hew p(t, )
the projections of ¢ given at t" on M and ™ respectively. Let

N—-1 N-1
_ n+1 _ n+1
OM = Z SOM l(t",t"”rl] and QDE(i) = Z @8(1) 1(t",t"+1]

Then, forall p € [1, 0],
10com — Oepllromyxe)  + Vet — Vol ooy < C1(dt + hy)
[0tpey — Orpllrorixe) +  [[Vapem — Vollmrqorxae < Ci(dt + hay)

165 — 20, )l Lo (o) + 2 — (0, M er)e < Cohyy
with C and Cs depending only on ¢, ), T, p.

Proof: Thanks to the regularity of ¢, we may use Taylor’s inequalities retrieve the desired bounds.
Indeed,

tn+1

N-1
18eone — Dupllp = Z Z /tn /K

n=0 KeM

o — o ’

Then there exists C'; depending only on 0y such that,

N—-1
1o — el = 3 % /

n=0 Kem"”’t"

tn+1

/ |Orp(t", x k) — Opp(t, &) + C16t]P de dt
K

Using a Taylor inequality once again yields the constant C'y depending only on 0y and 0,0 and it
follows that,

tn+1

N-1
10con — el 7 = Z Z

/ |CQ((5t+hjv[)+C1(5t|p da dt
n=0 KeM t K

which concludes the bound on [|0¢pat— 00| 1r(j0,7]x0)- By a similar process and thanks to the regularity
of , the derivation of the remaining bounds is straightforward. U

Lemma 6.3 (Convergence of reconstructions in LP,p € [1,00)). Let p € [1,00) and a sequence
(Gm)meN be such that for allm € N, gy, € Loy, If ¢gm — @ as m — oo in LP () then,

(1)
Ri[":nqm%(j as m—oo in LP(Q)

Similarly, for a sequence of velocities (Uy,)meN Vverifying v, € H e for all m € N and v,, strongly
converging to v as m — oo in LP(Q) then,

iRJf({;Um%TJ as m—oo in LP(Q)
m

Rg’j)vméﬁ as m—oo in LP(Q)

m

Proof: The proofs being similar, let us show the first convergence result only. Let € > 0. Thanks to the
density of C2°(2) in LP(Q2), let p € C2°(2) be the function verifying ||¢ — q||z» < €.

(4)
Thus using Iy, g and Ty, @, respectively the projection of g and ¢ on Ly, and noting that RJE\E” Qm =
(2)
(RS o Tlyg,, )gm yields,

ety _ ety ety _
IR @m = dllr < [[(Ry", © T, )@ — (R, © T, )l o
() e
IRy, 0 e, )7 — (Ry, o I, )l e

el _
+|( Ry, o o, ) — @llee + lo — @l e
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Using and Lemma[.3] we conclude that the second and last terms in the right handside are bounded
by . Moreover, from the strong convergence of (¢, )men We may find M; such that for all m > My we
have ||¢m — qljzr < €.

From the regularity of ¢ we resort to a Taylor’s inequality to obtain a constant C' depending only on
D, ¢, and T" such that

(4)
H(Rif; oIy, ) — ¢llrr < Chy,, -

(@)
Then there exists My verifying ||(fR§([":n oIy, ) — ¢llee < € for all m > M. Taking M =
(2)
max (Mj, Ms), we can then conclude with the strong convergence of (Rimwfn‘Jm)mEN towards ¢ in
LP([0,T] x ). O

Remark 6.4. Therefore, given the strong convergence of a discrete solution to a limit in LP([0, 7] x Q),
with 1 < p < oo, we can conclude with the strong convergence of its reconstruction towards this same
limit.

Theorem 6.5 (Convergence of the discrete scheme). Let (0t,,)meN be a sequence of time steps and
(D) men = (M, Em)men a sequence of MAC grids (in the sense ofDeﬁm'tion such that 6t,;, — 0
and hy,, — 0as m — +oo. We assume that there exists 1) > O controlling the regularity of every MAC
mesh in the sequence : 1y, < 1 forany m € N —with 1y, defined by ©). Let (pm, un,) be a solution
to (12) for 6t = 0ty and D = D,,. Then there exists p with pyin < p < Pmax and & € L?(0,T; E(Q))
verifying up to a subsequence:

- the sequence (W, )men converges to u in L(0,T; L2(Q)9),

- the sequence (py,)men converges to pin € L*(0,T; L?(9)),

- (p,u) is a solution to the weak formulation (6) and (7).

Step 1- Weak convergence of (P, )men in L ((0, T') x ©) and maximum principle. Let us con-
sider the sequence (p, )men verifying (12)) for ¢t = 0t,, and D = D,,,. Thanks to the bound (63)), there
exists a subsequence of (o, )meN, denoted once again (p,)meN, Which converges x-weakly to some
function p in L>((0,T) x Q), i.e.:

T T
lim / /pm(t,m)go(t,a:) da dt:/ /p(t,w)cp(t,az) de dt, Ve L'((0,T)xQ) (79)
0 Q 0 Q

m—ro0

Let B be a borelian set of (0,7") x € so that we can take (¢, ) = 1p(¢, ) in (79). From the bounds
on p.,(t, x) given by (63)), we have the non-negativity of the integrals:

T
/ /(pm(t7 $) - pmin)lB(t, 33) da dt
0 Q

T
ad [ [ (b= pn(t.2))La(t.2) dedt, Ve N
0 Q

Passing to the limit as m — oo yields,

T T
/ /(ﬁ(t,a:) — pmin)1p(t,x) de dt >0 and / /(pmaX —p(t,x))1p(t,x) de dt >0
0 Ja 0 Jo

which is equivalent to pmin < p(t, ) < pmax a.e. in (0,77) x Q.

Step 2- Compactness of (u™)nen in L2(0, T; (L?(2))9) Let us apply the time compactness The-
oremfor p = 2, with the Banach space B = (L?(92))¢ and the sequence of Banach spaces (X, )meN
where X, = He, o, m € Nis endowed with the norm defined in (27). By Lemma[B.T|and Theorem([B.2]
we have that any bounded sequence in H,; , is relatively compact in L?(Q) for all i = 1,..,d. Hence
H,( , endowed with the i~th component norm is compactly embedded in L?((2) in the sense of
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Deﬁnition Finally (X, )men is compactly embedded in (L?(£2)).

Let us consider the sequence (u,)menN verifying for 6t = 6t,, and D = D,,,. Thanks to the
first bound from Lemma 5.5 we have that ([|wm|[11(0,7;8¢,, o))men is bounded. Furthermore, using the

discrete Poincaré inequality on the first bound yields that (@, )men is bounded in L2(0, T (L2(Q)9)).
Let us show that the remaining condition is satisfied: that is, demonstrating the existence of { with
¢(1) = 0as 7T — 0 forall m € N such that,

T—1
[ ) e et <6 e 0,1) vmen
0

First, we use the following upper bound for the expression in (74): Cv/7 + 6t < C (T% + 515%), with C
independent of m thanks to the assumption 7y, < 7.

1 1
Let € > 0. Then we may find 7y and M € N so that we have 7 < ¢ and dt55, < € for all m > M. Thus,
by Lemmal6.1] we have for all m > M,

T—7
/ lwm (t + 7, ) — wp(t, )Hig dt < Cie V1 e (0,7)
0

For m < M, we introduce ¢ € C([0, T] x Q) verifying ||wm — @™ || 12((0.1),(2(2))4) < &- Therefore

T—r T—1
| Tt 7o)~ (e at <3[4 ) = @ 7

T—1

£ [ e ) - el
T—T1

£ e ) = e, )5t

which yields

T—7 T—1
/0 [t (£ +7,-) — (£, )|t < 6e + 3 /0 l™ (¢ 4 7.) — @™ (1, )|

with fOT_T le™(t+7,-) —@™(t,-)||72 — 0as 7 — 0. Thus, we may find 7™ such that fOT_T [|wm (t +
T,") — U (t, ) |22 < 9e for 7 € (0,7™).

Let us define 7 = min(7y, min,,<ps 7) and C' = max(C1, 9). It follows that V7 € (0,7),

T—1
/ Wi (t +7,-) — U (t,)||72 dt < Ce forall meN
0

Hence, the third condition of Theorem is satisfied and we can conclude with the existence of u €
L?(0,T; L?(2)?) such that, up to a subsequence,

Uy — @in L? ((),T; LQ(Q)d) as m — +00.

Step 3- Passing to the limit as 6%, hy,y — O in the mass balance equation

For this step, we prove a weak Lax-Wendroff consistency for the discrete mass balance equation : by
passing to the limit as dt, hyr — 0 in (16a), we aim to show that the limit (p, @) obtained in the previous
steps satisfies the weak mass balance equation (6)).

Let » € C°([0,T) x Q) so that we take 1) = Ly 1 (tn,-) € Ly as a test function in (16a). Multi-
plying by dt,, and summing over n = {0, ..., N,,, — 1} (with N, 0t,,, = T) yields:

Np—1 Np—1
D> Otn / Ouppe, Y de+ Y Otm / divae,, (pu)pt Yy, de = Ty + Tom = 0
n=0 Q Q

n=0
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by defining the first and second terms as 71 ,, and 75 ,, respectively. Let us use the definition of each
operator and drop the subscript m to reduce the clutter of notations. It comes down to studying the
convergence of each of the following terms:

Tim = Z > KR = piovic

n=0 KeM

T = Z&ZTﬁK Z F}?;l

n=0 KeM cel(K)

We deal with T ,,, by rearranging the sum so as to perform a discrete integration by parts for the time

variable:
n n 0
Tim = — ZZ\KW i) = S K Qv

n=0 KeM KeM

N-1 _/n+1
n=0 ¥m

since ¥ = 0 thanks to the compact support of . Let us note ¥, = >
equivalent to,

1]tn7tn+1}. ThlS iS

T
- _ _ (0)
T /0 /Q oo (b, @) () da dit /Q O (@) (0, 2) da,

The weak-x convergence of (pm)men in L°((0,7) x ) and the strong convergence of (0:¢m,)men
towards 9y in L1 ((0,T) x Q) yields the convergence of the first term in 7} ,,,. The second term is dealt
with in the same way : from the initialization of the scheme and the assumed regularity of the initial data
po € L>(Q) and the strong convergence of (¢, (0, ))men in L' (£2). Hence we have,

T
lim T4, = /0 /Qp(t, )0 (t, x) de dt — /ng(w)w((), x) dx.

m—ro0

Let us now focus on 75 ,,. Using the expression of the mass flux Fx , and the boundary conditions on
the velocity, we reorder the sum in 75 ;, so as to perform a discrete integration by parts for the space
variable:

d N-1
] o \
i=1 n=0 Eg‘l(n)t
oc=K|L
The terms p”*! being computed using the upwind scheme, we decompose 15y, into two sums : 15, =

‘Tgym + :RQ,m with

d N—1
Tam= =3 X0t 3 IDalgh 7L (0 - v )
=1 n=0 ;e 7
oc=K|L
d N—1 o]
R = =303 00 3 IDal(™ = i it o — i)
i=1 n=0 68(1) a
int
oc=K]|L

n+1

by recalling that | D;|p}"" = |Dk o |p"Jrl +|Dyz o |py . In this form however, the term T5,,,, reveals

the convex combinations of the density RM pm fori =1, ... d and we have,

Z / / REc” (o (8, @) i (£, 2)0:t0m (2, @) d .
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Since the sequence (pn, ), is only x—weakly convergent, we can neither conclude about the convergence

of (RJEVE )pm)m yet nor pass to the limit in T3 ,,,. Hence, we must reformulate the sum so as to iterate over
elements of M. For every i = 1,..,d, letus note K = [00’] for (0,0") € (&£(K) N EM)2, with o, o’ thus

being the two faces of the cell K normal to e;. Notice that we may include the elements of Eg()t owing

to the homogeneous boundary conditions for the velocity. Therefore, we have,

d N—-1
Toyn == > 6t Y |Dolpp,uyt (@¢")s
=1

= ety

o=K|L

d
:_Z St Z ‘K’pK<| ufé‘0| n+1(5wn) “D‘Zr/|ugl—s—l(6wn)o,>

i=1 n=0 KeM

Finally we have,

d 7
Tom =% / / Pt 2)RY, (1 (£, )it (£, )) i It
— Jo Ja
The strong convergence of (4 m )meN and (F;1m )men in L2((0, T) x ) yields the strong convergence
of (Ui mOitm)men in L2((0,T) x Q). By Lemma we have:
R (wim®itm) — udip in L*((0,T) x Q) as m — o0

Hence, combined with the weak convergence of p,,, — pin L2((0,T) x 2) we may pass to the limit in
To,m to get,

lim Ty, = — / / (t,x) ) - V(t,x) de dt
m—00
We are left to show that the remainder Ry ,,, tends to 0 as m — co. Owing to the upwind choice (20) for

po We have:

Do l(p5™ = ) < max (| Dicol, [Dro)lpi™ — o7

Therefore, R» ,,, may be bounded with,

|Ra,m| < Z&Z Y lollpE™ = ot g WE — okl

oeel!)

int

oc=K|L
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We then use the Cauchy-Schwarz inequality to highlight the left handside of the weak BV estimate (69),

Rom| < Z&Z S lollpitt — Rt 7 Z&Z S Jollep — o fRluntt))?

el w0 ey
o= K|L o=K|L
1
<VC Zétz > lollvr = vk Plugt)?
— oty
o=K|L

By Lemmal6.2} there exists C, depending only 9;v, 2 and T such that [/} — ¢} | < Cyd(z, zL). As
|Do| = ||k, L] X o it yields that,

[Rom| < VCCy\/ Z&Z S 1D, uztY))?

= eg(l)

int

o=K|L
< C(¢7T7 Q, Hum||L2(L2)) V .
Thanks to the bound on u, in L2((0,T) x Q), we have |Ry,,| — 0 as hy, — 0 which allows us

to conclude that (p, u) satisfies the weak mass balance equation.

Step 4- Regularity of the limit @ In order to demonstrate the strong convergence of (o, ), in the
next section, we require 4 to be divergence free. First, let us show that @ € L2((0,T), H}(Q)). A
characterization of @ € L2((0,T), H'(f2)) is given by the existence of a constant C' such that,

< Cllelleqoryx) Ve € C((0,T) x Q) Vi,j=1,..,d (80)

ﬂz‘ajtp dx
Q

We adapt the proof of Theorem [B.2] from [13] to our case. Let ¢ € C2°((0,T) x Q) and (4,5) €
ﬂl, d] . From now on we drop the subscript ¢ in the velocity notation. Let us define the continuation of
(trm)men on (R x RO\ ((0,T) x Q), denoted (Pt )mens» by

Py =ty ae.on (0,7)xQ and Pu, =0 ae. on (RxRH\((0,7) x Q).

Then (P, )men converges strongly to Pz in L?(R x R?) with P@ being the continuation of @ on
(R x R4\ ((0,T) x ).

Letn € R%, 7 # 0 and m € N. Using Cauchy-Schwarz, we have:

1

Punm (t, + 1) — Pun(t, x 1 2

L] ) = Puim( )wdwdt<[ [Pt 1) Pt ] ol
Rd ’77’ \77\ R

Again, using the space compactness estimate from Lemma and the bound on the H¢(; ( norms of
(Um)meN yields the existence of C' depending only on initial data pg, ug and f such that,

Pum t x + Pun,(t, x 1
L/ D=2l e < o (Clal(nl + Ol ) leliagen

Passing to the limit as m — oo yields

Pa(t,x +n) — Pu(t,x
L U =P ) dadt < Ve

We perform a change of variable to obtain,

t — ot —
// ot @) ff’m " pa(t, ) de dt < v/Ollel 2
R JRd
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We may retrieve an estimate with 9;¢ by setting 7 = he; with h > 0. Using a Taylor’s inequality and
passing to the limit as 2 — 0 yields (80) on R x R%. Hence Pu € L?(R, H'(R%)). Finally, since @ = P
a.e. on (0,7) x  and P = 0 outside (0,7 x €2, we conclude that @ € L%((0,T), H}(2)).

Let us show that w is divergence free. For any ¢ € C2°((0,7") x €2) we define the sequence (¢, )meN
as,

N-1
om =Y o L gnr) with " =Ty, 0(t",-) Vn € {1,N}
n=0

The sequence (u,,)men being discrete divergence free a.e. in (0,7") x 2 combined with the discrete

integration by parts [32] yields,
T
0= / / emdivyy,, W, de dt
0 Jo

T
= —/ /ngcpm-umdmdt
o Jo

Using the strong convergences of V¢ ¢y, (by Lemma and (w, ), towards Vo and u respectively
in L2((0,T), L?(2)%), we conclude with:

T T T
0= lim —/ /nggom'umda:dt:—/ /Vgo-udmdt:/ /gpdivudwdt
m=co Jo Ja 0 JQ 0 JQ

Finally, the limit @ belongs to L2((0,T), H(2)) and diva = 0 a.e. on (0, 7)) x .

Step 5- Weak convergence of the discrete derivativesin L?(Q2) First, owing to the discrete ”L?(H})”
bound we have that for all ¢, 7 = 1, .., d the sequence of derivatives (J;u; m)men is bounded in
L3((0,T) x ), thus is weakly convergent to some limit in L2((0,7) x Q). For i € {1,..,d} and
n € {1,..,N} — although we drop the superscript n — we show that 9;u; ,, — 0;u; as m — oo. Let
© € C(9) so that we may take ¢, = IIrp. Then,

/ 0iUimep do = / 0iUi mPm dx + / 0ili.m (@ — ©m) dz
0 Q Q

Thanks to the regularity of ¢ and the bound on 0;u; ,,, the second term vanishes as m — oo and we may
work on the first term only. An integration by part (32) yields,

/ 8iui,m§0m dx = _/ ui,méigom dx
Q Q

Using the strong convergence of u; ,, with the consistency of the derivatives (Lemma we pass to the

limit to get,
lim / 5iu¢7m<p de = —/ aiaigo dae = / 81-1‘%@ do

and we can conclude by density. The result with 0;u; ,, follows, by considering the reconstructions
fR&.) U;m and fRJEW(J) ©m and their convergence properties.

Step 6- Strong convergence of (o, )men in L2((0,T) x Q)  We follow the proof in [24] to obtain
the strong convergence of (p,,)m in L2((0,T) x ). Obviously, we cannot resort to the previous space
compactness results from the lack of estimates on the space translates of the discrete density. Instead,
using results from [11] and [6] and recalled in Annex |Al we turn to the regularity of p to conclude with
the result.

The boundness of (py,)men in L((0,T) x ) yields that (p,,)men converges weakly towards p in
L?((0,T) x €2). Hence, thanks to the convexity and the continuity of the L2 norm for the weak topology,
we use the following classical result [6, Corollary I1.2.8]:

1Pl 220y x) < minf [ o[ L2 (0,1 x0)-

36



Let us show that limsup,, . [|pmllz2 < ||pl|z2 which in turn, will yield the strong convergence of
(pm)men in L2((0,T) x £2). [6, Proposition I1.2.11].

By (68), we have for all nin {0, --- , N — 1}:

SOEIEE? < Y 1K) < llool2ay.

KeM,, KeMp,

which yields Hpm(.,t)H%Q(Q) <|lpo(., )HLQ(Q forallt € (0,7) and m € N.

Moreover, since p is a solution to the weak transport equation (6), with @ € L2([0,T], H}(9)) be-
ing divergence free, we apply Theorem [A.2]to conclude with the unicity and time continuity of the limit
p and we have p € C°(0,T; L*(Q2)).

Taking 3(¢) = ¢? in Theorem along with the test function ¢ = 1, we can establish that for any
t € [0,T) then ||p(., )l L2() = llpollr2()

Therefore, we have Hpm(.,t)H%Q(Q) < p(,8))172 (o forall ¢ € [0,7) and m € N. Integrating this
last inequality for ¢t € [0,7"), we obtain Hpm||L2 0.7)xq) < Hﬁ”%%(o 7)xq) for all m € N, and passing

to the limit as m goes to infinity yields:

xQ)

limsup || pm [l 22 (0,1 x2) < 101l 20,1y -
n—oo

This proves that limy, oo || pm | L2((0,1)x) = |2/l 2((0,1)x2)- Combined with the weak convergence of
(pm)men towards pin L2((0,T) x §2) we conclude that,

pm —p as m—oo in L*((0,T) x Q)

Step 7- Strong convergence of the viscosity tensor in L2((0,T) x Q) Thanks to the continuity of
i : R — Ry, the strong convergence of (ti,,)men is rather straightforward. Indeed, owing to the strong
convergence of (., )men to pin L2((0,T) x ) we may use the reciprocal of the dominated convergence
theorem. Hence there exists a subsequence still denoted (p,, )men such that,

pm(t,x) — p(t,x) ae.in [0,7] x

Therefore, i, (t, ) = p(pm(t, x)) converges pointwise to u(t,x) = wu(p(t,x)) a.e. in [0,7] x Q.
Using (64) — the L>°([0,T] x §2) bound on (/4 )men — and the dominated convergence theorem yields
the strong convergence of (i, )men to i in L2((0,T) x Q).

For any (i, j) € Hl, dﬂ * we show that the sequence of viscosities associated to g%J )
to i in L2((0,T) x Q) as m — oco. Nothing is to be done for i = j as we have {D,, € € g(”)} ={K ¢
M,,}. Leti # jand n € {0,..,N}. Then pij  can be defined as a reconstruction of ;. Using the
same arguments as the proof in Lemma ylelds that [|1255, || e (0,1)x0) < bl o (0,7)x0)- Hence,
by Lemma [6.3| we are able to conclude that

converges strongly

pij — @ as m-—oo in L*((0,T)xQ) Vi,j=1,.,d

Step 8- Passing to the limit as ¢, h)¢ — 0 in the momentum balance equation  Similarly to Step
3, we prove a weak Lax-Wendroff consistency for the discrete momentum balance equation : by passing
to the limit as 6¢, hyy — 0 in (I6D), we aim to show that the limit (p, w) obtained in the previous steps
satisfies the weak momentum equation (7).

Let o € C([0,T) x Q)%, such that divp = 0, so that we take ¢, = ﬁgmcp(-,tn). The preserva-
tion of the divergence by the Fortin operator (62) yields that divye],, = 0. Therefore ], belongs to E¢
and may be used as a test function in (T6b).

Multiplying by dt,,, and summing over n = {0, ..., N,, — 1} we get,
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Nm—1
> Otm U Or(pu)itt - @, dae + be ((pu)p ™ utt, @)
n=0

+/ ME+1D~( ) Dg(ep,) do — /Qfgzl " da:} =0,
which we decompose according to,

35> [ oot da, Zét b (ot i ),

n= OJGE(Z)
m) _ Z 5t/ e Dy (uint) : Dg () da, 7,7 = Z 515/0 frlon  de.
n=0 n=0

to give YL [T + 77 + T + 1™ = 0.
Let us treat the convergence of each term individually. We deal with Tl(T)
so as to perform a discrete integration by parts for the time variable

by rearranging the sum

+1 n+1 n n
p% Uy - pDJuJ n
S DD DL
n=0 oeg®
1 () 0
= - cht > 1Dolppt "HT = 2 Dolppu? .
n=0 gsegl® ceée(d)
since <p£,T) = 0 thanks to the compact support of ¢. We recall that |D,| p”+1 | Dk ol ,0”Jrl
|Dr, U\p”“ as in Step 3 we are dealing with a reconstruction of p,,, and we have,

/ / RE (o () )1t 2)Beps.m (£, @) da It
- [ 25 @)l @) de.
Q

Therefore passing to the limit in Tl(;-n) is straightforward : Lemma yields that (Rﬁz) Pm)m cOn-
verges strongly to p in L2((0,7) x Q) as m — +oo . Combined with the strong convergences of
(wim)men and O¢p; m, (by Lemma towards u; and 0;p; respectively in L2((0,T) x §2) we can con-
clude for the limit in the first term.

From the initialization of the scheme and the assumed regularity of the initial data —i.e. pg € L*°(2)
and ug € L?(Q) — we get that fR‘S(Z) (pgg)) and u; o converge to po and u;  respectively in L?(€2). Finally,
Lemmaylelds the convergence of <p( ) to ©i(.,0) in L?(2) and we have,

,m

lim T<m: / / (1, 2)a(t, z) - Oplt, x) de dt — /Q pol@)uo(@) - 9(0, ) da

m—)oo

(4)

Thanks to the reformulation of b, ™)

to (57) we have for the convection term TQ( i

Zétb mHL gl ot )

d
= — Z 5752/9(5%%,1) Pg?;}m(fR(J ))“u?,;l(%(g’”)” n+16390zmd33
=1
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Moreover, we recall that pg(*)l is defined using an upwind scheme (see Lemma and (20)).

Therefore it can be seen as a reconstruction of p%"! in the sense of definition where we take a, = 0
or 1 according to the upwind scheme and a bound similar to that of Lemma holds. Then, given

the strong convergence of (p,)men in L2((0,T) x ) we have that ((Rg’i))ppg(j)7m)m€N — pin
L?((0,T) x Q) as m — oco. Finally, we decompose TQ(ZL) as,

N-—1 d
TQ(,T) — Z 5tZ/Q(:R(EJ,Z pga-)lm(gz(] l))uu;b;;l(jz((g ))v n+16]¢l 7—;1 dx

+Z&tz / Ry prtl (RUD i ROy ey (ot — ortl) da
Jj=

using the estimate on the trilinear form (58)) combined with the bounds on the discrete solutions
(63), (70) and the regularity of ¢, we conclude that the second term tends to 0 as m — oo. From the
consistence properties of the reconstruction operators and the strong convergences of (p, )m and (U, )m

in L2((0,T) x Q). Thus, up to a subsequence, (fR(j ”)ppgi;)lm(ﬁ(gj’i))“uzjnl (Ré ’J))” ”*15] gp?;l tends

to pu;u;0jp; in LY((0,T) x ) as m — +o0, and we get,

ml—lg-looT i / / pu;u;0jp; dze dt,

m)

Thanks to the symmetry property (@8)), the diffusion term Tgf reads,

Z 5t Z [ / p ol 007 d + / pt ol 0, da
= 2,j=1

Let us pass to the limit in each term. First, we note that:
+1 +1 _ +1 +1 +1 +1 +1 +1
/ Zm?) u” 0jpim de = / ?ng u” c’%ap?m dx —|—/ :ij6 u” 0 (im — wfm ) de

Thanks to the regularity of ¢ and the bounds on nrfnﬁ and 0; u”le the second term vanishes as

m — oo . The desired convergence result follows using the weak convergence of the discrete derivatives
(Step 5) combined with the strong convergences as m — 00 of fi;jm, 0@ m and 0;0; m to fi, Ojp;
and 0;; respectively in L((0,T') x §2) (up to a subsequence, by the dominated convergence theorem).

Therefore,
lim T / / aD(u () dx dt
m—ro0

(m)

Finally, we have for the last term T ;-

N-1
T4(7T) = Z 5t/ f”“go?fnl dx + Z 5t/ f”Jrl (Pim — gpf:;bl) dz
n=0

Thanks to the continuity of the Fortin operator (60) we get the strong convergence of ( f; n, )m towards f;
in LP((0,T) x Q) for p € [1, 00). Moreover, by a Taylor inequality (Lemma|6.2) the second term tends
to 0 as m — oo. Then,

n%gnoo T4l / /f @ dx dt

which concludes the convergence proof.
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A Transport equation theory

Let pg € L=®(Q) and uw € L?((0,T), H}(Q)) with dive = 0. We assume that p € L>°(]0, T[xQ) is a
solution to the following problem,

T
/ / p(Brp+u- V) de di + / pop(0,) =0 Vg e CL(0,T[x) @81)
0 Q [9]

Theorem A.1 (Renormalisation property [6]). Let Q be an open bounded domain C R with Lipschitz
border, pg € L™(Q) and w € L*((0,T), H}(Q)) with diva = 0. For any 8 € C*(R) and any solution
of @I) p € L>(]0, T[xQ) for the initial data py we have:

9y (p) + div(B(p)u) =0 (82)

in a weak sense with 3(p)|,_, = B(po), and as a consequence B(p) is solution of (1)) for the initial data

B(po).

Theorem A.2 (Unicity and regularity of the solution). Let Q be an open bounded domain C R? with
Lipschitz border, pg € L>(Q) and w € L*((0,T), H{(Q)) with divu = 0. If p € L>®(]0,T[xRQ) is
solution to for the initial data py, then such a solution is unique and:

lt=0

p € C°[0,T],L4(Q)) Vg < +oo.

B Discrete functional analysis

Lemma B.1 ([13, Lemme 3.3]). Let Q2 be an open bounded domain of R%, d = 2,3. Let D = (M, &) be
an admissible MAC grid according to Definition and an element u € Hg) g with i € Hl, dﬂ. Thus

we define i in the following manner : @ = v a.e. inQand @ = 0 a.e. in R \ 0. Then, there exists
C > 0 dependant only on ) such that,

(- + ) = il2agy < Nl o glnl(1n] + Chae), ¥ € RY

Theorem B.2 ([13, Theorem 3.10]). Let Q2 be an open bounded domain of RY with Lipschitz boundary,
N > 1, and {u,,n € N} a bounded sequence of L*(Q2). Let us define the sequence {ii,,n € N} as
Up = up a.e. onQand i, =0 ae onRY \ Q. Assuming the existence of a constant C' € R et
{hn,n € N} C Ry with hy, — 0 and n — oo with,

[ (- + 1) = G| 72y < Clnl(jnl +hn),  Yn € N, vy € RY. (83)

Then, {un,n € N} is relatively compact in L*(Q).

Definition B.3 (Compactly embedded sequence). Let B be a Banach space and (X, ),eN be a sequence
of Banach spaces included in B. The sequence (X, ),en is said to be compactly embedded in B if any
sequence satisfying:

e u, € X, foralln € N
* the sequence (||un||x,, )nen is bounded
is relatively compact in B.

Theorem B.4 (Time compactness with a sequence of subspaces, [15] Proposition 4.48).

We set 1 < p < coandT > 0. Let B be a Banach space and (X, )neN be a sequence of Banach
spaces compactly embedded in B. Let (f,)neN be a sequence of LP((0,T); B) satisfying the following
conditions:

* The sequence (fr,)neN in bounded in LP((0,T); B).



* The sequence (|| fnllr1(0,7;x,))neN is bounded.
o There exists a non-decreasing function 1 from (0,T) to Ry such that limy,_on(h) = 0 and,
Vh € (0,T) andn € N, we have:
T—h
[ W0 = futo)l e < i) (34
0

Then, (fn)nen is relatively compact in LP((0,T); B).
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