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CONVERGENCE OF THE MAC SCHEME FOR THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
VARIABLE DENSITY AND VISCOSITY

L. BATTEUX, T. GALLOUET, R. HERBIN, J.C. LATCHE, AND P. POULLET

ABSTRACT. The present paper addresses the convergence of the implicit MAC
(for Marker-and-Cell) scheme for time-dependent Navier—Stokes equations with
variable density and density-dependent viscosity and forcing term. A priori
estimates on the unknowns are obtained, and thanks to a topological degree
argument, they lead to the existence of a discrete solution at each time step.
Then, by compactness arguments relying on these same estimates, we obtain
the convergence (up to the extraction of a subsequence), when the space and
time steps tend to zero, of the numerical solutions to a limit; this latter is
shown to be a weak solution to the continuous problem by passing to the limit
in the scheme.

1. INTRODUCTION

We consider in this paper the numerical approximation of the incompressible
Navier—Stokes equations with variable density and viscosity,

(1a) Op + div(pu) =0,
(1b) pou+ (w- V)u — div(u(p)D(w)) + Vp = f,
(1c) diva = 0,

in Q x (0,T) where T € RT and € is an open bounded connected subset of R¢, with
d € {2,3}, which may be meshed by a structured grid, and therefore consists of a
finite union of rectangles if d = 2 or of rectangular parallelepipeds if d = 3. The
variables p, u and p are respectively the density, the velocity and the pressure in the
flow, and the three above equations respectively enforce the mass conservation, the
momentum conservation and the incompressibility of the flow. The viscosity u of the
fluid is supposed to be a continuous function of the density p. The strain rate tensor
D is defined as the symmetric part of the velocity gradient, i.e. D(v) = Vv+ 'V,
for any sufficiently regular vector function v. We assume that the forcing term f
either belongs to L2(0,T; L?(2)9) or is a continuous function of the density p. This
system is supplemented with initial conditions and homogeneous Dirichlet boundary
conditions:

(2) Ult=o = uo(x), pli=o = po(x) for a.e. x € Q, and ulspg =0,
with ug € L2(2)4, po € L>®(2) and 0 < puin < po() < pmax a.e. in Q.
2000 Mathematics Subject Classification. 35Q30, 65MO08, 65N12, 76 M12.
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These equations model a variable density and viscosity flow, which may be en-
countered in many physical situations. With f(p) = pg, with g the acceleration
of the gravity, we obtain the system of equations governing the natural convection
problems. System also applies to the motion of mixtures of immiscible fluids
having different densities and viscosities, with possible applications to Rayleigh-
Taylor instabilities, tracking of interfaces between fluids in multiphase flows or
droplet impact onto a solid or a surface liquid, with however the limitation that
surface tension between the different fluids is not taken into account. If the vis-
cosity in one of these fluids is set to a very large value, the system matches what
we obtain when describing the fluid-structure interaction by the so-called volume
penalization method [23] 2].

Let us review the formal estimates satisfied by the solution. First, supposing
that the velocity field is regular enough (and such a regularity is required in the
weak formulation of the problem), a consequence (see for instance [6]) of equations
(1a)) and , is the following maximum principle:

(3) Pmin < p(2,t) < pmax, for a.e. (x,t) € Q x (0,T),

which shows that the natural regularity for pis L>®(2x (0,7)), pmin < 7 < Pmax- A
classical formal identity, referred to as the kinetic energy balance, allows to derive
natural estimates for the velocity u. Let us take for simplicity f = 0 in Equation
, take the inner product of this relation by @ and use twice the mass balance
equation to obtain:

1 VS S . _ o _
8t(§ﬁ 1ul?) +d1v(§p [u|* @) — div(u(p) D(w)) -a+ Vp-u=0.

Integrating over €2, one gets by integration by parts, since div u = 0 and %5q = 0,
that, for all ¢ € (0,T):

d 1

% [ 3ot [a@ 0 de+ [ w(p) Dlae.0) : Dlata,)) do =0
dt Jo 2 0

Integrating over the time interval (0,¢) yields, once again for all ¢ € (0,7):

1 _ K I
@ | soten) fa@ 0P dos [ [ ) D) de

= [ 5m(@) (@) o, ¥i € 0.7)

Thanks to the assumptions on the initial data, the right-hand side of this rela-
tion is bounded. If p(x,t) > pmin > 0, the first term thus yields an estimate on
lw(x,t)||p2(q)e, for t € (0,T). Let us assume that the function y is continuous
OVET [Pmin, Pmax] and satisfies ((s) > pimin > 0 for s in [pmin, Pmax]; this hypothesis
is made throughout the paper. Under this assumption, the so-called Korn lemma
yields

1(p) | D@z, ) > “% \Va(z, b))% for (z,t) € Q x (0,T).

so that the second term of Equation (@) controls the L2(0,T; Hi(92)%) norm. The
natural regularity for 4 is thus to lie in L>(0,T; L2(Q)%) N L2(0,T; H} (2)4). To-
gether with the estimate of the density, this suggests the following weak formu-
lation of the problem.
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Definition 1.1. Let py € L (Q) be such that 0 < pmin < po(®) < pmax for a.e.
x € Q, and let ug € L?>(Q)?. Let p be a continuous function over [pumin, Pmax)
such that p(s) > pmin > 0 for s € [pmin, Pmax)- Finally, let f either be a given
function of L2(Q x (0,T))% or be a function f(p) of the density, continuous over
[Pmin, Pmax] (in which case f is bounded over the same interval). A pair (p,u) is
a weak solution of problem if it satisfies the following properties:

- pE€ {p € L®(Q % (0,7)), pmin < P < Pmax .. in X (O,T)}.

- we{vel>0,T; L) NL*0,T; E)} with E = {u € H}(Q)?, divu =
0 a.e. in Q}

- Forall ¢ in C*(Q x [0,T)),

T
(5) - [ [ oera- Ve dm = [ o0 @

- Forall ¢ in {weCX(Qx[0,7))% dive =0 a.e. inQx(0,T)},
T
(6) /O /Q[— pu-Oyp — (pua) : Vo + u(p) D(@) : D(p)] dz dt

T
:/pouo-go(a:,O) dm—i—/ /f~<pdwdt.
Q o Jo

The existence a weak solution to the problem as given in Definition was
proven in [27], without dependency on the density of the viscosity and the forcing
term. This proof is extended in [22, Chapter 2|, dealing with the possible oc-
curence of void zones, i.e. zones where the density vanishes, and density-dependent
viscosities; a recent presentation may be found [3, Chapter VI].

The MAC scheme [I§] is certainly among the most popular schemes for the
solution of Navier-Stokes equations, and, whenever a structured grid may be used,
proves to be a very efficient choice and has been used for the discretization of
several problems, see e.g. [25] 26] (10, @]; in particular, for these specific domains, it
generally reaches the same accuracy as alternative inf-sup stable discretizations of
same order, as low order non-conforming finite elements [21], with a better observed
stability and a number of unknowns divided by d for the velocity. The aim of this
paper is to prove the convergence of the implicit-in-time scheme based on this
discretization, in the following sense: first, the scheme admits solutions; second,
given a sequence of grids and time steps, with both the space and time steps
tending to zero, we show by compactness arguments that the sequence of discrete
solutions converges, up to the extraction of a subsequence, to a limit, and that this
limit is a weak solution to the continuous problem in the sense of Definition [1.1
This process requires results from the theory of transport equations [6], but does
not require any existence nor regularity of the solutions; instead, it provides an
existence result of weak solutions as a by product of the convergence result.

Up to our knowledge,similar studies are scarce : in [23], the authors deal with
a discontinuous Galerkin approximation of System ; in [21], the authors study
a scheme combining finite volumes (for convection terms) and finite elements (for
the velocity diffusion term), based on the low-order non-conforming Rannacher-
Turek element. The advantage of this latter approach is two-fold: first, under
the discrete divergence-free constraint, the discrete mass balance, with a suitable
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definition of the convection fluxes, preserves the bounds of the density; second, a
careful construction of the velocity convection term allows to derive a local (i.e. not
integrated with respect to space) kinetic energy balance, without the need of any
compensating term. In [21], both the velocity and the forcing term are supposed
to be independent of the problem variables. We extend here this latter study in
several directions. First, the space discretisation is different. Second, we deal
with density-dependent viscosity and forcing term, which needs some technical
complements in order to pass to the limit in the scheme, but also implies that
we cope with the formulation of the stress tensor which is more realistic from a
mechanical viewpoint, namely pD(u) instead of Awu. This latter point requires to
derive at the discrete level the analogue of the so-called Korn lemma, this results is
given in Appendix A. A part of the material of this paper, namely the convergence
theorem with a constant viscosity and the Laplace operator form for the diffusion
term, was announced in the conference paper [12], with a sketch of proof. The
proof of convergence of the MAC scheme to a weak solution for the constant density
incompressible Navier-Stokes equations is addressed in [I3], and several results of
this latter paper are used in the sequel.

The analysis in the present paper is restricted to the fully implicit scheme. How-
ever, an easy extension allows to deal with semi-implicit schemes, where the advec-
tive field in the mass and momentum balance equations is taken at the beginning
of the time step; this process decouples the mass balance from the Navier-Stokes
equations (i.e. the momentum balance and the divergence constraint), yielding a
scheme that is easier to handle. However, for practical applications, pressure cor-
rection algorithms are often preferred: see e.g. [15, 28, [§] in the constant density
case and [10] [I7] in the variable density case; their convergence analysis poses se-
vere difficulties and none of the above-quoted works address the convergence of
schemes where momentum balance and divergence free constraint are decoupled.
In [28/ [|], error estimates are obtained for the discretization of the constant density
incompressible Navier-Stokes equations on square grids provided the exact solution
is very regular. In [I7], first order error estimates for the variable density case are
obtained on the velocity, with a Galerkin-type method for the space discretization,
provided that the exact solution is regular (in a sense for which no proof of ex-
istence is available to this day) and that the density is “well approximated”. A
second order is also presented therein, but the convergence rate is only conjectured
and assessed by numerical results. Our process here is quite different. Indeed, as
already mentioned, we do not assume anye regularity assumption on the exact so-
lution. In fact, we do not even assume that there exists a solution; this is obtained
as a by-product of the proof of convergence of the scheme.

Let us present here the main steps of this proof. Consider a sequence of approx-
imate densities and velocities (p(m),u(m))meN computed on a series of grids and
time steps indexed by m, such that both the space and time steps tend to 0 as m
tends to infinity.

e From the maximum principle which is verified by the approximate density,
one obtains the existence of a discrete solution and the weak convergence
of the approximate densities to a limit p, up to a subsequence.

e Owing to the estimates of the velocity obtained by a Korn inequality
(needed because of the non constant viscosity), the weak convergence of
the velocity is obtained. Estimates on the time translates of the velocity
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are then established, so that an Aubin-Simon type time-compactness result
leads to the convergence of the velocity in LI(2 x (0,7)), 1 < g < +o0.

e Passing to the limit on the discrete mass equation, we get that the limit
(p, ) satisfies the weak mass balance equation.

e The convergence of the sequence (p(™),,en and consequently the conver-
gence of the sequence (11(p"™))men in LI(Q x (0,T)), 1 < ¢ < +00 is ob-
tained by remarking that, thanks to the fact that divu =0, [, (p™)? da
is conserved.

e The last step consists in passing to the limit in the momentum balance
equation to show that the limit (p,w) of the approximate solutions is a
weak soltuion to the problem. As a by product, we get the existence of a
weak solution of the problem.

The paper is organized as follows. The MAC discretization is described in Section
then the considered scheme is given in Section [3] together with some (discrete)
continuity and stability properties of the discrete operators. Section[d]is devoted to
establish a priori estimates for the discrete solutions, i.e. the classical L> bound on
the density an L?(Hg)?NL>(L?)? estimate for the velocity, and then, on this basis,
to prove their existence by a topological degree argument. Finally, in Section [5] we
establish the essential result of this paper, namely the convergence property stated
above. In the appendix, we state and prove two results which seem interesting for
their own sake: the discrete Korn lemma for the MAC scheme, and the stability
and convergence of general transfer operators for piecewise constant functions from
one mesh to another.

2. MAC DISCRETIZATION AND DISCRETE UNKNOWNS

Consider a domain €2 which is a connected union of disjoint rectangular domains,
and a coordinate system such that the edges (respectively the faces) of these rect-
angles (respectively parallelepipeds) are orthogonal to one vector of the canonical
basis of R?, (e™), ... e(®). The mesh of Q is defined as follows (see Figure .

Definition 2.1 (MAC grid). A mesh associated to the MAC discretization of €2,
referred to by M, is defined by:

- a primal (or pressure) grid M, which consists in a conforming structured
partition of Q made of rectangles if d = 2 or rectangular parallelepipeds if
d = 3. A generic element K of M is called a primal cell, and we note xx
its center of mass.

- & isthe set of edges (d = 2) or faces (d = 3) of the primal grid; throughout the
following, for short, we will use “face” to denote an element of £, whatever
the space dimension may be. We split £ into & = Einy Uext, where Einy (Tesp.
Eoxt) are the faces of € that lie in the interior (resp. on the boundary) of the
domain. Fori € |1,d], we denote by ¥ C £ the set of the faces which are
orthogonal to e, and we also split this set into internal and boundary faces
EO) = Ei(rfz U 5(5;{ The set of faces of a primal cell K is denoted by E(K)
and, for o € E(K), we define Dk, as the half-cell of K adjacent to o. An
internal face o separating the primal cells K and L is denoted by 0 = K|L,
and we define the dual cell D, associated to o by D, = Dk U Dy, ,. For a
face 0 € Eoxt, we set Dy = Dy, with K the primal cell adjacent to K. For
any face 0, Ty = (To1,--.,Te,q) Stands for the mass center of o.
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For i € |1,d], the set {D,, o € EDY defines a partition of Q, which is
referred to as the i-th dual mesh.

The discretization of the momentum balance equation hinges upon the sets of
faces of £ of the i-th dual mesh, i € |1, d].. We distinguish once more the internal
clements of £ from the external elements by writing £&) = £ UEY, . For e € £

we note € = oo’ if (0,0") € (£*)? is such that 9D, N IDy = .

L
/
D, o
o =K|L
!
€ =olo
TK
+
Dk
K % 7
g

FIGURE 1. Representation of (M, ) for d = 2.

The discretization of the momentum equation requires the introduction of the
faces of the i-th dual mesh, denoted by . Given a generic dual face € € I308
we distinguish three situations (see Fig. : The set £ is decomposed into three
subsets, £() = 5};2 U Séf()t UER, according to the location of the edge:

- g’i(rfz:{eeg(i) ;eC Q)

- gé;)t ={cc &M ;eccon},

- éél ={ee £ i € = €int U €oxt With €y = e N Q and ey = €N INT.

For e € g'l(éz (resp. € € (&:‘r(é();) we note € = oo’ if (0,0’) € (£@)? is such that
0D, N 0D, = € (resp. 0Dy, N 0Dy = €iyt). Finally, we define the set of faces of
the i-th dual mesh normal to e; : £07) = {e € €0 ¢ 1 eV}.

Remark 2.1 (Elements of Eﬁgi)

If Q exhibits a re-entrant corner, there will be instances where (o,0') € Ei(rfg X 5(5,2

are such that 0Dy N 0Dy # 0 is normal to e;, with i # j. Such cases make up the
elements of Er(éi and we have € = e N ODys for e € g(DU) N Er(él

The space step is defined by:
(7) ham = max{diam(K), K € M}.

Finally, the regularity of the mesh is measured by the following parameter:

(8) O = max{||aa/|, (0,0") € £},
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€ =olo’ ] 7

o0 [ |

FIGURE 2. Definition of € = o|o’ in the two-dimensional case for
(o,0") € EM. Left: ¢ € ELV. Middle: € € £12) N Ei(nlt). Right:
€c 5(1’2) n Er(elg

with |-| designating the Lebesgue measure, this notation being used in the following
for either the R% or R?~! measure.

Remark 2.2 (Quasi-uniformity of the mesh). The quantity O, defined by Relation
measures in fact the quasi-uniformity of the mesh. The stability and convergence
proofs in this paper only require a weaker assumption, namely the fact that the
ratio between the size of two adjacent cells remains bounded (which, for a sequence
of more and more refined general meshes, does not prevent O to tend to +00).
Unfortunately, this latter requirement combined with the structured character of the
mesh implies quasi-uniformity.

Remark 2.3 (Assumption and reconstruction operators). Let a sequence of
meshes (M(m))meN be given, and let us suppose that 0 m)y < 0, Ym € N, with 0
a given real number. Then the dual meshes are quasi-uniform with respect to the
primal one (and, conversely, the primal mesh is quasi-uniform with respect to dual
ones) in the sense specified in Remark. Therefore, the stability and convergence
of reconstruction operators defined in Appendiz[B easily hold, provided that they use
a constant stencil (see once again Remark. The same occurs with the ”gradient
meshes” which will be defined in the following, together with the discrete diffusion
operator.

For the time discretization, we consider a partition of the time interval [0, 77,
which we suppose uniform to alleviate the notations. We denote by dt the constant
time step, the integer number N = T'/6t is the number of of time steps and the
time t,, is defined by t, = ndt, for 0 <n < N.

The scalar discrete fields, namely the density and the pressure, are associ-
ated to the primal mesh, so the associated unknowns read (p% )k e, nejo,n and
(P )Kem, nejo,n|, Tespectively. A discrete velocity field reads w = (u1,...,uq)
and its i-th component is associated to the i-th dual mesh. In addition, to take into
account (a part of) the homogeneous Dirichlet boundary conditions, the normal ve-
locities unknowns associated to external faces are set to zero. Hence, for i € |1,d],
the unknowns for u; read (ug)oegigz’ €l ON]" Note that, consequently, the compo-
nent of the velocity associated to an unknown is not specified by its notation but
viewed only by the orientation of the associated face.
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3. THE DISCRETE SCHEME
The discrete scheme considered here reads:

Let u° and po be given and solve, for 0 < n < N — 1,

(9a) Bepnt + div(pu)t =0, VK e M,

0 (pui)y ™ + div(pu; w)y™ — div(p D(u))y*!
(9b) + (Wp)itt = ol e e gl for i e 1,4,
(9c) (diva)itt =0, VK € M,

where ([9a]), , are the backward-in-time finite volume discretizations of ,
and (|1d]) respectively, on the primal mesh for the mass balance equation and the
divergence-free constraint, and on the dual mesh associated to the i-th component
of the velocity for the i-th component of the momentum balance equation; the
terms of these equations are detailed below. Note that no equation is written for
the momentum balance on external meshes, since the velocity is prescribed to zero
on the boundary. For the latter reason, the system is singular (the sum over the cells
of Equation is zero by conservativity, see below for the definition of (diva)t),
and must be complemented by the condition

(10) > IK| px =0,
KeM

which states that the mean value of the pressure is zero.

Initialization of the scheme and forcing term — The discrete initial data
(p°, u®) is obtained by averaging (po, ug) on the primal and dual cells, respectively:

1
0% = m/ po(x) de, VK € M,
(11) o
ug = 7/ uo(x) de, Vo € 51(;2’ for i € [1,d].
|DU‘ D,

When f is a given function, the forcing term in the momentum balance equation
is also obtained by averaging f (which is assumed to lie in L2(Q2 x (0,7))%):

1 tnt1 .
R D I/t /D fi(m,t) de dt, Yo € ) for i € [1,d].

When f is a function of the density, we set
(13) FrH = F(p0tY), Yo € £ for i € [1,d].

where p”*! may be any reasonable convex combination of the density at the n + 1

time level in the neighbouring cells.

Mass balance equation — The definition of the discrete time partial derivative of
the density is standard:

n+1_1
K =

ot

The mass convection operator is obtained by a first-order upwind scheme. For

dep (pitt —ph), VKeM,0<n<N-1.

i€|l,d] and o € 51(52, let us denote by u?é;l the quantity ur, = u?*! e -ng .
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Then, for K e Mand 0 <n <N —1,

1

: +1 +1

(14) div(pu)i™ = & > R
ce&(K), o=K|L
+1
. an if UKo 2 07
1 1, n+1 1
with F}?; = |o| ptutt and pltt = ot ]
pr " otherwise.

In this relation, F}ét,l is the (conservative) mass flux through the face o outward K.
The summation index "o € £(K), o = K|L” implicitly assumes that we restrict
the sum to the internal faces of K, which in turns implicitly assumes that the mass
flux vanishes across the external faces, which is consistent with impermeability
boundary conditions.

Pressure gradient and velocity divergence — The discretization of these terms
is standard for the MAC scheme:

Wyt = V7L et e e, Vo = KL € €5, i € 1.,

o - m int >’
(15) : 41 L +1
(divu) ™ = %] > ol uptt,
ce&(K)

where we recall that, for i € [1,d] and 0 € E(K)NED,| ug, = uy ¥ - ng,.
These two operators satisfy the following duality property.

Lemma 3.1 (grad-div duality). Let ¢ and v be a discrete pressure and velocity,
respectively. Then,

(16) > Dol (V@) vo + > K] qi (dive)g = 0.
oce€ KeM

Diffusion term — For the velocity diffusion term, we use a weak formulation of the
MAC diffusion scheme which was already introduced [14]. The first step is to define
piecewise constant partial derivatives of the velocity components, based on specific
partitions of the computational domain. Specifically, for ¢,5 € [1,d], the discrete
partial derivative of the i-th component of the velocity u; with respect to the j-th
coordinate, which we denote by 9;u;, is piecewise-constant over each volume D, for
e € EGD) 05523, recalling that £(7) = {ee ED el e}, Henceforth we associate
one cell D, to the elements of g}ec mostly for the sake of convenience. The dual cell
is defined as,

€X [y, xr], for e=o|o’ € (‘:(Iiz,

(17) De=| ex [z, x5.], for ec E(Dy) N &

ext?

D,.UDy . for e=olo’ € Er(él,

with D, e = € X [@s,Zs.e], Dorc = €int X [Xor, Toe] if (0,07) € 51(;2 X Ec(:()t and
where &, = (Tp,e15- - - Toe,a) refers to the orthogonal projection of @, on €. Note

that the set {D., e € g(i’j)} is a partition of 2; a volume D, of this set is called in
the following a (i, j)-gradient cell. For the two-dimensional case, these volumes are
sketched on Figure When ¢ = j, a (4, 7)-gradient cell coincides with a primal cell.
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In addition, we observe that, for i # j, the set of the (4, j)-gradient cells and the
set of the (j,4)-gradient cells are the same; in two space dimensions, such a (4, j)-
gradient cell may be associated to a grid vertex, while, in three space dimensions,
for € = o|o’, it is associated to the edge equal to @ Ne =7 Ne (see [14]).

U]
—_> ¢ Us=—>
;T w0/7€/ <

Ug € Uy De ¢ De’ De

—_> —_> —_> —_> -1,
Ugy Ug u

DE €
€ T
(a) (b) (c) (d)

(a): (4,5) = (1,1), e=o|o’ € ) and e L e,

(b): (4,7) = (2,1), e =0olo’ € g'i(nlt) and e L e?,

(©): (i,5) = (2,1),e = ELNE(D,) and (i,5) = (1,2), €' = EAQNE(Dy),
(d): (i,5) = (2,1), e = o]0’ € Ecl).

For i,j € [1,d], we define J,u; a.e. in by

(18)
ﬁn cejforwe D, ec N NEY) ¢ =qlo,
Jju;(x) = d(m;iu;(”)n -ejforxe D, €€ g ﬂgéi)t, ce E(D,).
d(zc:,iu;,m)n -e;Xp, (x) for x € D, €€ EDNED,) 0 € 81(;2

Note that the last formula implicitly take into account the homogeneous Dirichlet
condition satisfied by the velocity (and it is the only consequence in the scheme
formulation that tangential velocities are prescribed to zero at the boundary). For
o€ Si(;g, let the discrete velocity field ¢” be the discrete velocity function defined
by (¢7)s =1 and (%), = 0 for ¢’ € €, 0’ # o (so the j-th component(s) of ¢
are zero for j # i and the i-th component has only one degree of freedom set to 1,
namely the degree of freedom corresponding to o). To each gradient cell (which, for
i # j, is both a (i, j)-gradient cell and a (3, ¢)-gradient cell), we associate a viscosity
ip,, and we introduce d x d viscosity fields defined a.e. in 2 by

p(z) = pp., for € D, with e € £,

For a discrete velocity field u, we are now in position to define a discrete gradient
V ¢u and a tensor associated to the multiplication of the strain rate by the viscosity,
denoted by (1 D)g(u), for a.e. € Q:

0ju;(x) + 0;u;(x) .

(19)  (Vew)ij(z) = djui(z), (uD)e(u)); = p7 (z) 5
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The discrete gradient tensor is associated to the discrete H} norm:

d d
(20) luilf e = Z/Qajui(w)2 de,  |uffe =) |ulie,
j=1 i=1

which turns out to be the usual finite volumes H{ discrete norm, known to dominate
the L2-norm by a discrete Poincaré inequality [9, Lemma 9.1]. Finally, we define
the diffusion term by:

(21)  —|D,| div(uD(w)2 " = / (uD)e(w)(@)™ - V() (@) da,

where the time index in (uD)g(u)(x)" ™! means that the viscosity fields and the

velocity in expression must be taken at t,11. It is shown in [I4] that the
definition of the diffusion term is the same as the standard MAC formulation,
up to the specific definition of the viscosity, i.e. that we have a formulation of the

form, for o € 81(3:

—[Do| div(uD(w))3 ™ = Y [el gt D)y ng el
ec€(Dy)
where D(u"*1)|, stands for an approximation of D(u"*!) obtained by replacing
as usual the partial derivatives by differential quotients. The quantity ,u%tl may
be approximated by applying the function p to any reasonable approximation of
p" T in D, for instance:

K
W = p(ppt) it D, = K, and D] it = % u(pi) otherwise.
KeM,
KND#0

K
Note that, thanks to the definition of D,, |D.| = Z % in the latter case.

KeM,
KND#)

The (u D)¢ tensor and the diffusion term enjoys the following properties.

Lemma 3.2. Let u and v be two discrete velocities. The diffusion term defined by
(21) satisfies the following discrete integration by part formula:

d
=Y Y D divuD @), = [ (D)eu)(@) : Velv)(a) da

- . Q
=1 secgeegld

int
In addition, the (1 D)g tensor given by is symmetrical and, if, fori,j € |1,d],
the functions 9 satisfy 0 < fimin < pt™? () < pmax a.e. in €,

5 /Qvg<u><x> Ve (u)(@) de < /Qw D)e(u)(x) : Ve(u)(@) dz

< umax/QVg(u)(a:) : Ve(u)(z) dee.

Proof. As usual in Galerkin methods, the discrete integration by part formula is
a straightforward consequence of the weak formulation of the diffusion term. The
symmetry of the (u D)g tensor is a consequence of the fact that, for i, j € [1,d],
the gradient cells associated to d;u; are the same as the gradient cells associated
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to d;u;, so the fields p("7) and ;9" are the same. Since (1 D)g is symmetrical, we
have, by a standard identity for the tensors contraction,

/Q(MD)s(u) : Ve(u) dw:/

1
2 (uD)e(u) : (Veu+ Viu) de,

and, since
(1 D)e(u)(z) : (Ve(u)(z) + Vi (u)(z)) >

b (7)) + V() (2)) (Ve )(x) + V() (x)

for a.e. x € (),
/(,,L D)¢(u) : Veu dz > “% / (Veu+ Viu) : (Veu + Viu) da.
Q Q

The lower bound in the conclusion of the lemma follows by the discrete Korn Lemma
proven in Appendix [A] For the upper bound of the left-hand side, we write:

(1 D)e(u)(x) : (Ve(u)(@) + Ve(u)(x)) <
pmax (Ve (u) (@) + Ve (u)(@)) : (Ve (u)(@) + Ve (u)(z))

for a.e. € 2, and use

/ Ve(u)(z) : Vi(u)(z) de < / Ve(u)(x): Ve(u)(x) de,
Q Q

which is an easy consequence of the Cauchy-Schwarz inequality, using the fact that
Vi(u)(z): Vi(u)(x) = Ve(u)(x) : Ve(u)(z) for ae. x € Q. O

Momentum convection term — We now carry out the discretization of the term
O(pw;) +div(pusu) in (IB), i € [1,d], to obtain the terms denoted by 8 (pu;)2 ! +
div(pu; w)2! in (Ob). As shown in [20], the derivation of a discrete kinetic energy

balance requires for these terms to take the following structure, for o € Ei(rfzz

n s n 1 7 n 3 n 1 mn n
B (pua)y ™t + div(pu; u)ytt = ﬁ(PDtluaH — Pb,Ug) + D, | Z Fpftult,
7 EEE(DU)

where he face densities p%tl and p_ and the mass fluxes through the dual faces
F ;Lj‘l satisfy the following mass balance over D, :

1 n+1 n 1 n+1l __
E(pD" _pDa)J’_m Z Fa,e = 0.
ec&(D,)
This is ensured by the following construction. The face densities are obtained by a
weighted average of the density in the neighbouring cells:

|D.| p%, =|Dx.o| Pl + |Dro| pf, for k=nand k=n+1.

Through € included in the boundary, the dual mass flux is set to zero. For an
internal dual face, its expression depends on the normal to e (see Figure . If e is
parallel to o, there exists K € M and o’ € £% such that € = 0|0’ C K; in this
case, we set

(22) Frl =

1
o€ 5 (7FI7€~¢_71 + F}é:ﬁ;l/)
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Otherwise, denoting by K and L the primal cells adjacent to o, we observe that
there exist two faces of the primal mesh 7 € £(K) and 7' € £(L) such that € is the
union of the half of each of these two faces. We then define

1
(23) it = o (Rt + Py,

Finally, the velocity at the dual face is approximated by a first-order upwind
scheme: for an internal dual face € = oo’

uptif FrE >0

n+1
(24) u€+ _{ n+1

u_," otherwise.

For external dual faces, since the dual mass fluxes vanish, no definition of u?*! is
required in this case.

)

FIGURE 4. In the two-dimensional case, primal mass fluxes in-
volved in the computation of the dual mass flux associated to
e=olo’ € W Left: for e L e, Right: for e L e(®.

int *

Remark 3.1. In any case, using the last two relations and the associated notations,
we may recast Fy e as Fye = |€| pelic Mg - e, with (pe,tc) given by:

Po + Po' Polc + Por o e s
( : if j =1,
R 2 Po + pPo
(25) (Pe> Tie) , ,
(|T| pr+ ‘T ‘ Pr’ |T| prur + |T | Pr! UT’) .
otherwise.

Ll N e S W2

Since, for o = K|L, the face approzimation of the density p, is a conver combina-
tion of the density in the adjacent cells px and pr, (in fact, for the upwind scheme,
Po is equal to either px or pr), the density pe is itself a convex combination of
the density in the neighbouring cells (precisely speaking, the cells M € M such that
MnND, is either a (d—1)-surface or a volume, but not empty). From Equation ,
supposing that the densities are positive (which is indeed the case by construction
of the scheme, see Section , it is clear that Ue s a convex combination of u, and

ul if j =1 and of ur and u, otherwise.
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We now prove two stability results for the convection operator which will be used
further for the estimation of the time-translates of the velocity. To this purpose,
for i € [1,d], to the unknowns (us) ) of a i-th component of a discrete velocity
field, we associate the piecewise constant function u defined for a.e. € Q by
u(x) = Znesiﬁfz ueXp, (), with Xp_ the characteristic function of D,, and the

following discrete L9(£2) norm, g > 1,

oy = (Y Dol ugl?) 7,

oeeld)

int

which is the standard L%-norm of the function u. To the discrete unkowns (uy)sce,

int

related to a vector field u = (u1,...,uq)"), we associate a discrete L9(Q)? norm by

|u||Lq(Q) Z ||UzHLq(Q

We recall that, for any i-th discrete component of a velocity field w, the usual
finite-volume discrete H'-norm is denoted by |u;|; ¢ and defined by . Finally,
for a discrete density field p associated to (px) ke, we set

||PHL°°(Q) = Ifgleaﬁ PK-

We are now in position to state the following results. They consist in discrete
analogues of the following continuous estimates:

/Q div(pu; v) wi dz < [|pll=(oy il sy [0l uillzs,

[ s i divtpw) do < ollmqoy Tl [0l luiln o)

Lemma 3.3 (Continuity results related to the convection operator). Let i € |1,d]
and let (ug)gegi(st), (v5)eee,, and (wg)gegsz be three families of real numbers; the
first and last ones correspond to the i-th component of discrete velocity fields w and
w, and the the second one corresponds all the components of the velocity field v.
Let (px)kem C R be given, and satisfy px > 0, VK € M. Let F, .(p,v) be defined
by - and let u. be defined by . Finally, let us assume that there exists
0 > 0 such that the parameter Oy measuring the regularity of the mesh satisfies
Orp < 0. Then we have:

(26) > we Y. Foclp,v) te < C lpllz) lullpi) [0l lwlhe,
ocg® GEE(D(,)

int

@27) Y wews Y Fodp) SC llpllie@ llullie [vllLa@ye wlhe:
O'ES(Z) EESN(D(,)

int

where the positive real number C' only depends on 0, d and €.

Proof. Reordering the sums, we get:

I= Z Wer Z Foe(p,v Z Foc(pv) te(wo — wer).

oeglll  e€&(Do) ccEM,

int H
e=olo
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Ug! | We?
o
e
| o
€ D.
Ug, Vg y Wo Ug’y Vg’ y We
e —_— —_—
Ug | Weo
D.
Ue = Uy OF Uy’ Ue = Uy OF Uy’
(171)5 _ PoVo + Po! Vo' (1:’2)5 _ |T| PrUr + |T//| Pr V7!
po + por IT| pr + 7| pre
(Brw) = o/ — Yo (Bow), = —2o/ — W
Tor1 — To,1 Lo/ 2 — To,2

FIGURE 5. Velocities and velocity partial derivative over D, in-
volved in the right-hand side of Equation , in the two-
dimensional case, for ¢ = 1. Left: j = 1. Right: j = 2.

Thanks to Remark and using the same notations, we get:

d
R Wy — Wy
(28) <SS 1D oo )] \f a8
=1 - 5(i.0) Lo = Lol
J ecE s

e=olo’

bouring cells. Still by the convex combination properties stated in Remark the
functions

with pe < [|p|l £ (), since p. is a convex combination of the density in the neigh-

Y. ucXp(®) and Y () Xp,(x),

ecE (i) ec& (i)

for j € [1,d], are reconstructions of u and v; over the mesh {D., e € EDY of O in
the sense of Lemma respectively; the expression of these velocities is given on
Figure[f] in the two-dimensional case and for i = 1. Invoking the stability property
stated in Lemma [B.I] and standard L%-estimates, we thus get

d
|| < CZ ||P||Loo(9) Hu||L4(Q) ||Uj||L4(Q)d |5jw|L2(Q),

Jj=1

which yields the inequality .
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By the same reordering of the sums as for I, we get:

Z Uy Wy Z Foe(p,v Z Fye(p,v) (U Wo — Uy’ W)

ceeld ec€(D,) ccEW

t
" e=clo’

d
5 S SR RALEL TS

I=1 eegl@d) Yo = Bty
e=clo’
The proof then ends by developing the numerator of the fraction thanks to the
identity 2(ab—cd) = (a—c)(b+d)+ (a+c)(b—d), for (a,b, c,d) € R*, then invoking
the same arguments as for the estimate on I, and finally using the fact that, since
Q is bounded, the L*-norm is controlled by the LS-norm, itself controlled by the
discrete H}-norm thanks to discrete Sobolev embedding results (see [7, Lemma
B14]). |

4. ESTIMATES AND EXISTENCE RESULTS

The aim of this section is two-fold: first, we prove a priori estimates for the
discrete solutions, and then we establish that the scheme is well-posed, in the sense
that it admits at least a solution.

4.1. Definition and estimates of the discrete solutions. To any family of
real numbers (p% ) ke, nejo,n] and (P ) kem, nejo,N], We associate the discrete
function p and p representing the density and the pressure, respectively, defined by

Z Z PnH (x) X(t,L,tn+1 (t),

n= OKGM

p( Z Z anrl ) X(t717tn+1](t)7
n=0 KeM
where, for A C Q and @ € Q, Xa(x) =1if ¢ € A, Xx(x) = 0 otherwise and, for
A C(0,T)and t € (0,T), Xa(t) =1if t € A, X4(t) = 0 otherwise. Similarly, to
(Ug)oee, nejo,n|» We associate the discrete function representing a i-th component
of a discrete velocity:

N-1
(30) wil, )= > urtt Xp, (&) X, h,,0(0).

n=0 geg£)

Recall that u?*t! =0 of o € Ecxt A discrete velocity is a vector valued function of
the form uw = (ul, ...ug)t. For such a function p, p, w and for n € |1, N|, we denote
by p™, p™ and u™ = (uf,...u?)" the function depending on the space variable only
and corresponding to the value taken by its time-dependent counterpart over the
(tn,tn—1) interval. We define the discrete L2(0,T; H}(Q)?) norm of the discrete
velocity and its components by:
d
||u||iz(o,T;Hg) = Z Huz‘Hiz(o,T;H;) with HUiHiz(o,T;H;) = Z ot [uf|? -
i=1 n=1

(29)

The set of functions (p,u,p) is said to be a solution to the scheme (9) (or to an
equation of (9)) if the associated families of real numbers do so.
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The following estimates for the density are classical consequences of the upwind
choice for the discretization of the convection term in the mass balance equation
and of the fact that the velocity is divergence-free (see [9]).

Lemma 4.1 (Estimates of the density). Let the initial data py satisfy 0 < pmin <
00() < pmax for a.e. x € Q. Let p and u satisfy the discrete mass balance equation
and divergence constraint . Then, for a.e x € Q and t € (0,T),

(31) Pmin < P(%t) < Pmax-
In addition, p satisfies the following discrete entropy balance, for K € M and
€[0,N —1]:
I e O R S [ A
26t K 2 S0 Ko K ’

where the non-negative remainder term R’}fl s given by

(33) Ri =D (0™ —ok) + 5 > o] (o3t = ) (i),
oeE(K), o=K|L

with, for a € R, a= = —min(a,0). Summing over the time steps, we obtain the
so-called weak BV-estimate:

N
(34) St S ol luje,| (0} — o)’ < C,

n=1  o€&int,
o=K|L

where C > 0 only depends on the L*-norm of the initial data ||pol|r2(q)-

The next lemma states a discrete equivalent of the continuous L2(0, T; HZ (2)9)
and L>(0,T; L?(2)?) estimates for the velocity.

Lemma 4.2 (Discrete L%(0,T; H}(Q)9) and L>(0, T; L?(2)¢) velocity estimates).
There exists C > 0 depending only on Q and pmin such that any solution w of the
scheme (9) satisfies, for n € [0,N —1] :

Z D 1Do| ot () 4 B ot e <
1= 1U€£<l)

int

72 Z |D | pD )2+C ||f||%2(ﬂ><(t7“t11.+1)).

el

int

Consequently, there exists C' > 0 depending only on Q, ug, po, fmin and the L?-
norm of f such that any solution w of the scheme @ satisfies:

(36) lullz2orimyy) <€ and ||ullpeeo,7.2(0)2) = o IEX [ L2 (0pa < C.
The L?-norm of f is itself bounded either by assumption (if f is a given function)
or thanks to the L estimate for p (if f is a continuous, and thus bounded, function

over [pmin ) pmax])'
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Pmof Let us multiply Equation (9b) by u?*!, sum over o € &, (nt and then over
€ [1,d]. By [19, Lemma 3.1] for the convectlon term and Lemma [3.2] for the
dlffusmn term, we get

*Z >7 1Dl ot () + BRI ot [u 1 s <
1= 10’68(”

int

d
1
72 > D] p%a(ug)z—l—ét/u"“-fnﬂ de.
Q

i=1 0'65(1)

int

Inequality follows by the Cauchy-Schwarz inequality and the discrete Poincaré
estimate [9 Lemma 9.1]. We then get Relations by summing over the time
steps and using the fact that the face densities are convex combinations of the cell
densities, and thus bounded by below by pmin- O

4.2. Existence of a solution to the scheme. The proof of the existence of a
solution is obtained by a topological degree arguments (see e.g. [5] for the theory)
and very close to the proof proposed in [2I]. Note that the system is nonlinear
and that uniqueness is not guaranteed. In [24], uniqueness is shown for a covol-
ume approach of the MAC scheme using the total pressure form of the constant
density incompressible Navier-Stokes equations on a two-dimensional uniform grid,
assuming H? regularity of the solution and under small data conditions. Here we
are concerned with the general 2D or 3D case, without any condition on the data
nor regularity of the solution.

Theorem 4.3 (Existence of a solution). For a givenn € |1, N — 1], let us assume
that the density p™ is such that 0 < pmin < Pk < Pmax for all K € M. Then the
non-linear system (9)-(L0) admits at least one solution (p" ™', u™*, p"*1), and any
possible solution satisfies the estimates and .

Proof. Let Noq = card(M), Ng = card(Eiy) and let V = RVM x RNe x RVM. We
introduce the function F : [0,1] x V' — V defined by:

F(X (pr)Kem, (Uo)ocgin s (pK)KeM) = ((Ak)kems (Bo)ocem (Cx ) kem),

1
Ag = 5 (px — Pg) Z Fr o, K e M,
o€E(K)
1 n
. B, = & (pDou(T - pDUUJ) + Am Z F‘T elle
with ecE(D,)
—div(pa D(u))a + (VD)o — (fr)oy 0 € &,
1 1
CK:—M Z ‘0’| UK70—+® Z |L‘ PL, KGM,
c€E(K) LeM

where div (g D(u))a and (f\)s are obtained by applying their definition in the
scheme with (A pr + (1 — X) p%%) kem instead of (px ) kem. The function F is con-
tinuous from [0, 1] x V to V and the problem F(1,-) = 0 is equivalent to System ().
Indeed, the first and second lines correspond to the discrete mass and momentum
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balance equations and, multiplying the third line by |K| and summing over the
cells, we end up, by conservativity, with

card(M) Y |L|pL =0,
LeM

that is Equation . Removing this term from Cx, we recover the divergence-free
constraint (9d).

It is clear that F'(A,-) = 0 still implies, for any A € [0,1], the uniform bounds
for the density (Ax =0, VK € M still corresponds to the discretization of a
convection equation for p with a velocity scaled by A, and thus still divergence-free).
In addition, thanks to the linearity of the expression of the dual mass fluxes as a
function of the primal ones, the structure which allows to obtain the estimate
is preserved when A varies in the [0, 1] interval, so the unknowns of the velocity are
bounded independently from A. Finally, once both the density and the velocity are
bounded independently of A and knowing that the mean value of the pressure over
Q is zero, thanks to the so-called inf-sup condition satisfied by the MAC scheme,
the system B, = 0, Vo € &, yields a bound for the pressure unknowns (in mesh
dependent norms), the expression of which may be found in [I]. Therefore, there
exists a real number M such that the boundary of the closed ball of radius M,
By C V', does not contain any point such that F'(\,-) =0, VA € [0, 1].

The problem F(0,:) = 0 has a unique solution: the density is fixed by the
first block of equations Ax = 0, VK € M, and the system B, = 0,Vo € &y
and Cx = 0, VK € M is the discretization of the generalized Stokes system for
the velocity and the pressure, with now a fixed viscosity and right-hand side. In
addition, F(0,-) is regular (note that both py and f, do not depend on p for
A = 0), the Jacobian of F(0,-) is triangular per blocks, and the diagonal blocks
are associated to the identity for p and the generalized Stokes problem for w and p
(see [211 [I]); therefore, the Jacobian determinant is not equal to 0. The topological
degree of F'(0,-) with respect to 0 € V and By is thus different from 0. Since it is
preserved up to A = 1 (because, as said above, F' does not vanish on the boundary
of Bys), we obtain that there exists at least one solution to F(1,-) = 0, i.e. to the
scheme. O

5. CONVERGENCE OF THE SCHEME

We prove in this section the main result of this paper, namely the convergence,
up to the extraction of a subsequence, of a sequence of discrete solutions obtained
with a sequence of time steps (5t(m))meN and of meshes (M(™),,cy with both
the time and space steps tending to zero. We begin with some estimates on the
time translates of the velocity (Section which will be crucial to prove the
compactness of the sequence of discrete velocities; the convergence theorem is then
stated and proved in Section [5.2

5.1. Estimate on the time translates of the velocity. We derive in this section
an estimate on the time translates of the velocity in L?(Q x (0,7))) which will be
used to conclude to the compactness of a sequence of solutions.

Lemma 5.1. Let (p,u,p) be a discrete solution of @ Let 0 > 0 be such that the
parameter 0,y measuring the reqularity of the mesh satisfies Opr > 0, and let T be



20 L. BATTEUX, T. GALLOUKT, R. HERBIN, J.C. LATCHE, AND P. POULLET
a positive real number lower than T. Then, the following estimate holds:
T—1
(37) / / llu(x,t +7) —w(x,t)||* de dt < C (7 + 5t + V7 + dt)
0 Q

where C > 0 only depends on T, the L?>-norm of f, Pmin, Pmax, fmax and 6.

tn trti, tntio+1

FIGURE 6. Notations for the velocity time translates estimates.

Proof. Since p > pmin, a bound in L2(Q2x (0, 7)) of \/p (u(-,-+7)—u(-,)) readily
yields a bound in the same norm of u(-,- + 7) — u(:,+)). For ¢t € (0,T) and x € ,
let us write p(x,t) (u(z,t+7) — u(x,t)) = Ti(x,t) — To(z,t), with

(38) Ti(x,t) =p(x,t+7) ulx,t +7)— px,t) ulz,t),

(39) To(,1) = (pl, b+ 7) — pla, 1)) (.t + 7).

Let 7 < T, t € (0,7 — 7) and let us define the integer numbers n and ¢ by
n = [t/ot] and n+ ¢ = |(t+ 7)/dt], where, for s € R, |s] is the integer number

such that |s] < s < [s] + 1. We thus have ¢5t < 7+ 6t, ¢, < t < t,41 and
thye <t+7 <tnipr1. For x € Q, we have

Ti(x,t) = p"HH (@) wHH (@) — p Y (@) u' (a)
¢
= (P @) w (@) - o () u (@),
k=1

Using the discrete momentum balance equation , we thus get, for i € [1,d] and
xeD,, o0&,

{+1
Ty, t) = 3 (divie D@)at* = div(pu; )i — (Tp)sth 4 £374),
k=2

with 7} ; the i-th component of T. Let A(t) = (A1(t), ... Aq(t))!, with A;(t) defined
by

Az(t) = /S2T17i(m7t) (Uv(:E,t+T) 7Ui($,t)) dZB,

so that

T—1
/0 /Q(p(:c,t—k Tu(x, t+7) — plx, t)u(z,t) - (u(e,t+7) —u(w,t)) de dt

d T—71
= ;/O Ay (t) dt.
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We Split Ai (t) as Ai (t) = Ai,c(t) + Ai,d(t) + ALp(t) + Ai7f(t) with
£+1
(10)  Aua®) =0t> 3 ID] div(p D(w)r (un e — gt
k=2 geg&@)
£+1
(41) Aic(t) = —(5tz Z 1Dy | div(pu; w)2tF (uptrt — 2t
k=2 oscel®
041
(12)  Ay) =03 S Dol (Wp)itt (unt -t
k=2 gec&()
041
(43)  Agpt)=6t> > |Dg| FrF (upttt —upth).

k=2 geg(®)

Thanks to the fact that both w"*! and w"™*! are divergence free, we have
Z?Zl A; p(t) = 0. The following of the computation consists in using bounds for
each of the other terms at a given time ¢, derived from the stability properties of
the discrete operators or by standard estimates, and then conclude by integration
over the time. To provide a guideline for this computation, let us first write an
analogue at the continuous level. To this purpose, we set each of these terms under
the following form

4
At) :v(t)/t w(s) ds,

where the quantities v and w stand for (possibly discrete) norms of the solution.
Then we write

(44) 1= /OT_TU(t) (/tt+Tw(s) ds) dt.

Let us suppose that the function (s,t) — v(s)w(t) lies in L'(]0,T[?), for instance
because both v and w lie in L'(0,T). Then, if v and w lie in L?(0,T),

45) |I] = ‘/OT_Tv(t)(/OTw(t—ks) ds) dt‘
_ ’/(:(/OTTU(t) w(t +5) dt) ds
< ([ a) ([ w2 at) " as

Each integral over the time is bounded by the integral over (0,7), and we get,

| <7 [[vllz2o,7) lwllz20,1)-

Diffusion term - Let us reproduce this computation at the discrete level for the
diffusion term. Lemma yields
241
| A5.a(8)] < pmax 8 ) lug e (uf ™ e + fupt?
k=2
Let a € [0,1] be defined by o 6t = t,, + 7 —t,,1; and let o = [7/6t] (see Figure[6).
Then, for t € (¢, tnt1 — adt), £ = £y while, for t € (t,41 — adt, tyy1), £ = lo + 1.

LE)-
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We thus have

T—7
(16) | /0 Aalt) ] <

N—lo—1 £o+1
2 +k
Hmax (1 — @) 0t g E Jui
n=0 k=2
N—lg—2 {p+2

Fpimaxe 07y Y uf e (Juf TR e 4 [ e
n=0 k=2

e (Juf ™o e + Jup T 1e)

Let A; be the first summation at the right-hand side of this equation. Then we
get, reordering the summations:

Lo+1 N—£Lp—1

Ar < pmax(1 — @) Z ot Z ot |u?+k|175 (|u?+eo+1|1,$ + |u?+1|175).
k=2 n=0

Since, thanks to the Cauchy-Schwarz inequality, for k € [2, £y + 1],

N—lo—1 N
k o+1
Z St [uf ™1 e (luf ™ e + [ufTHie) < 2Z5t u i e =2 |“i|%2(H;)a
n=0

n=1
we obtain that

Al < 2/~Lmax(1 - Ol) 60 ot |ul|i2(Hé)

The same arguments yields, for the second summation of the right-hand side of

Inequality :
Az <2 pimaxar (bo + 1) 0t |Ui|2L2(Hg)'

Finally, we get, since ({y + 1)dt < 7+ dt,

T—1
(47) |/0 A a(t) dt| < A; + As <2 pimax |ui|2L2(H§) (T + dt).

Forcing term - For the term associated to the forcing term, we write

£+1

|Ai ¢ (1) = 5tz L e ) (It 2y + luf ™l p2@),
k=2

and thus, by the same technique as for the diffusion term,
T—T1
@) [ A d <27 sl Il
0

Convection term - For the convection term, returning to the notations of Equa-
tion , the technique to obtain the estimate is ineffective.The function
(5,t) = v(s)w(t) lies in L1(]0,T[?), v € L*(0,T) but w ¢ L?(0,T). The con-
tinuous analogue of the computation that we implement at the discrete level is the
following one. The integral to estimate is of the form

I= /OT_TU(t) (/tH_T w(s) ds) dt,
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with v € L?(0,T) and w € L*3(0,T). We first change the order of the integrations,

to obtain . .
I:/T w(s)(/Hv(t) dt) ds,

The Cauchy-Schwarz inequality yields
T S 1/2
1] < / |w(s)|(/ ot at) " 2 a
T S—T

Then the integral over (s — 7, s) is bounded by the integral over (0,7') to get
T

1 <72 ollz2o.m / fw(s)] ds,

and the Holder inequality yields:
111 <72 ol e oy TV Nl parso.1y-
Let us return to the discrete level. Lemma [3.3] yields

+1
[Aie()] < CY 6t u" ¥ Faqy (U™ e + ul ),
k=2
with C' only depending on 6 and ppax. We thus have

T—1
‘/ A;o(t) dt| < C(Ay + Az) with
0 N—4y min(n+£o+1, N)

Av= Y ot |ulie > 8t u* |4 e)-
n=1

k=n+1
N n
Ap= > Stlufhe Y. 6t u|Fiq.

n=~lp+1 k=n—{y

Reordering the sums, we get

N min(k—1,N)
A <78t [[uF|[Faq) ST, with ST = > |ui'1e-
k=2 n=max(k—£o—1,1)

Using the fact that ({9 + 1) 0t < 7 + 0t, the Cauchy-Schwarz inequality yields:

€o+1 1/2 N+1 1/2
st= (Do 0) (o atlurlte) < (4002 Jull ey
k=1 k=1

For the term Ay, we get

N min(k+£o,N)
Az < Z5t ¥[34y S5, with S5 = Z ui'|1,e,
k=1 n=max({o+1,k)

and S% satisfies the same bounds as S1,n. On the other hand, the Cauchy-Schwarz
inequality yields, for any function u € L%(Q), |lul[a(q) < ||uH1L/;tQ) ||u|\i/;tm, and
lullLs(y < |ul1,e by discrete Sobolev inequalities, so

T—1 N+1
1/2 n13/2
|/O Aie(t) dt| <2 C (14662 JJuill 2, ||uHLQO(O?T;L2(Q)) > ot |u V2.
n=3
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Finally, using the Holder inequality with ¢ = 4/3 and ¢’ = 1/4 to estimate the last
sum

T—T1
(49) | /0 Ailt) dt| <

1/2 3/2
2 C T4 (7 + )2 Yluill 2 garyy w2 o p.p2 g 1 13

L2(0,T;HE)

Term T'5 - Let us now estimate the term issued from the quantity T's of equation
(39). By the same developments as previously, we have to estimate the integral
over the time interval of B;(t), i € [1,d], with

¢
Bit) =30 37 D] it (pish ik (et _ oty

o

k=1 ce®

int

where n and ¢ depend on ¢, with the same definition as previously. Thanks to the
mass balance over the dual cells, we get:

{+1
Bit) =06ty D Dol ug ™t (upttt —uytty Y ERE
k=2 5cell) c€€(D,)

Thanks to Lemma[3.3]

41
ve) fugt e Yot junt
k=2

|Bi(t)| < C (Jup™ 1 e + Jup ™

1,&»

with C only depending on 6 and pp,.x. We proceed in a way similar to the derivation
of the estimate for the convection term. First, we take benefit to the fact that the
sum over k (in the continuous setting, the integral over (t,¢+7)) involves a function
lying in L?(0,T) (without needing, here, a switch of the integration order thanks
to a discrete Fubini technique) to make appear, thanks to the Cauchy-Schwarz
inequality, the factor (7 + (5t)1/ 2
(41 £+1
Bit)] < O ([uf e+l e) up e (30 0) (3 R e)?
k=2 k=2
< C (Juf ™M+ u e) fug e (74602 ull 2.

So, integrating with respect to time yields:
T—1
(50) [ B a <€ (480" il Ilzaony

Conclusion - The conclusion follows by summing Equations , , and
over i € |1,d] and then summing once again the obtained relations. O

5.2. Convergence of the discrete solutions. We are now in position to state
and prove the convergence result which is the aim of this paper.

Theorem 5.2 (Convergence of the discrete solutions). Let (6t(™),en be a se-
quence of time steps and (M™),.cn be a sequence of MAC grids (in the sense
of Definition such that 5™ — 0 and hagmy — 0 as m — +oo. We as-
sume that there exists 0 > 0 controlling the regularity of every MAC mesh in the
sequence: Opmy < 0 for any m € N, with 0, defined by . For m € N,
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let (p™,u(™) be a solution to () for 6t = 6t and M = M. Then
there exists p with pmin < p(@,t) < pmax for a.e. © € Q and t € (0,T) and
w € L>(0,T; L2(Q)4) N L%(0,T; E(Q)) satisfying, up to a subsequence:

- the sequence (u'"™)en converges to @ in L*(Q x (0,T)),

- the sequence (p"™)),en converges to p in LI(Q x (0,T)), for ¢ < 400,

- (p,u) is a solution to the weak formulation given by Definition .

Proof.

Step 1- Weak convergence of (p(™),,cy in L9(2 x (0,T)), ¢ > 1, and max-
imum principle — Thanks to the estimate , the sequence (p(m))meN satisfies
Pmin < pl™) (x,t) < pmax for a.e. & € Qand t € (0,7), YVm € N, which implies
that, up to the extraction of a subsequence, this sequence weaklyx converges to a
function p € L>®(Q x (0,T)) satistying the same bounds.

Step 2- Compactness of (u"™),.cy in L2(Q x (0,7))?, regularity of the
limit and divergence free constraint — We apply Theorem with B =
L2(Qx (0,7))% X ™) the space of the discrete velocities endowed with the discrete
H'-norm defined by and (f™)en = (u™),,en. Thanks to Estimate (36)),
we obtain both the boundedness of (u(™),,cn in B and the second assumption of
the theorem. Lemma yields the third assumption, with n(7) = C (7 +v/27),
where C' is the constant of the inequality 7 which only depends on T, pmin,
Pmaxs fmax, the L2-norm of f (which is either a data or controlled by T and ppax)
and 6, and with M(7) such that, for m > M(r), 6t™ < 7. Hence, there exists
u € L2(Q x (0,7))¢ such that, up to a subsequence,

w™ = @ in L2(Q x (0,T)) as m — +oo.

In addition, the uniform bound of the sequence (u("™),,cn in L?(0, T} H}) yields
that w € L2(0,T; H}(2)?) (see [9, Theorem 14.2]). We now prove that @ is di-
vergence free by passing to the limit in the discrete mass balance equation. Let
0 € CX(Q x (0,T)) and, for m € N, K € M™ and n € [0, N(™ — 1], let ¢} be
the mean value of ¢ over K X (t,,t,+1). Multiplying the divergence constraint by
5tm) |K| ¢% and summing over the cells and the time steps, we get, for m € N,

N('m) 1

d
1m = Z 5t(m) Z Yk Z Z o] us e Nk =0,
n=0

KeM(m) =1 seg(K)nel™?

int

where, for short, we have denoted by 51(;? ) the set (E(m)) i), Reordering the sums,
we get

N
70m) _ Z &m)Z 3 |D|ugue(i>~nm:0,
i=1 0'65(":1),
o=K|L

with d, = |D,|/|o|. This last expression may be seen as the integral over Q2 x (0,7T)
of the inner product of w("™ with a piecewise constant vector-valued function, the i-
th component of which takes the value ) -ny , (¢% —¢7)/d, over Dy X (ty, tni1),

e &™) andn e [0, N(™) —1]. Thanks to the regularity of ¢, the latter function

1nt

converges to —V¢ in L>®(Q x (0,7))?, and we get, invoking the convergence of
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(u(m) )mENa

lim 1™ = / /u Vo dz dt =0,
m——+o00 0

which implies diva = 0 a.e. in Q x (0,7).

Step 3- Passing to the limit in the mass balance equation — We show in
this step that the limit (p, @) obtained in the previous steps satisfies the weak mass
balance equation (). Let ¢ € C°([0,T) x Q), and m € N. For K € M™) and
n € [0, N™], let ¢} = @(xk,t,), let us multiply the discrete mass balance (9a))

by 0t(™) |K| % and sum over the time steps, to obtain TI(m) + T2( ™) — 0 with

Nm)
™ = Z > IK] (0T = o) ek,
n=0 KeM(m)
N _q
SR SN SR S e
n=0 Kemm) ce&(K)

Rearranging the sum in Tl(m) to perform a discrete integration by parts with respect
to the time variable, we get, using the fact that ¢ vanishes at ¢t = 7"

N1 QOnJrl SD’I’L
(m) n+l YK — YK 0.0
)DICICID DIIITP e St S SR
= KeM(m) KeM(m)

We recognize in the first term the integral with respect to space and time of p(")
multiplied by a discrete time-derivative of ¢ which converges to 9, in L*(Qx (0,T))
when the space and time step tends to zero. In the second term, when the space
step tends to zero, thanks to the definition of the initial value of the scheme, the
function Y vqom) Pk Xk () converges to po in L(£2), ¢ < +oo, and the function
> kemom €% Xk () converges to ¢ in L>=(£). So passing to the limit, we obtain:

lim 7" / / (t,x) dho(t, ) d:cdt—/po( ) (0, 3) da.

m—0o0
(m)

Let us now focus on T,"”. Using the expression of the mass flux Fi , and the

boundary conditions on the velocity, we reorder the sum in TZ(m) so as to perform
a discrete integration by parts with respect to the space variable:

N(™ 1
™ = - Z > oy (1Dkol P37+ Dol P st (99)2 + RE™,
UESI(DE,
oc=K|L
with:
b |0‘ n_ .n (2)
( 90) |D | ( SDK) (nK#T'e )a
N(m)
R = Z 2 EC> (pi = o )u™ (@)
068(2
o= K]LL

where the notation ¢ = K — L means that K and L are chosen in such a way that
ug,s > 0. The first term in Tz(m) is the sum over ¢ € |1,d] of the integral with
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respect to the time and space of the product of p(™) ugm) by a function 0;¢ defined
for ae. x € Qand t € (0,T) by

N _q
o (e, t) = > 6t ST (99)E Xp, Xy
n=0 0.65_(’5)

int

Since this function converges in L>( x (0,7)) to 9d;¢, ugm) converges to u; in
L*(Q x (0,T)) and p(™ converges weakly to g in L*(Q x (0,T)), we have

T
lim Tz(m) - Rém) = —/ / p(t,x) u(t,x) - Vo(t,z) de dt.
o Jo

m— o0
The Cauchy-Schwarz inequality yields for Rém):

N g

m m m " 1/2
RY] < B [V llporye (D2 0™ S D] fugt)
n=0 og€&int,
o=K—L
N1 1/2
(> > ol (o = pi)” Junt)
n=0 c€&int,
o=K—L

SO Rém) tends to zero thanks to the weak BV-estimate on p stated in Lemma
and the control of w in L2(Q x (0,7))? (and therefore in L'(©2 x (0,7))9), which
concludes this step.

Step 4 — Weak convergence of the velocity discrete derivatives in L?(Q x
(0,T)) —Let i,5 € [1,d]. Owing to the "discrete L?(H{})” bound (36)), the sequence
of derivatives (5ju§m))m€N (see Definition (T8)) is bounded in L*(Q2 x (0,7)), and
is thus weakly convergent to some limit in L?(Q x (0,7)). Let ¢ € C°(Q), let us
denote by {D., £(m"1)} the set of (i, j)-gradient cells of the mesh M (™) and, for
e € Emid) and n € [0, N(™ — 1], let ¢" be the value of ¢ at (@, (tn + tni1)/2),
with . the mass center of €. Then,

T
/ / 0;u™ o da dt = 10 + R(™),
0 Q

with
N('m)_l
D D D
n=0 ecE(m,i,9)
N 1
= > o 3 el gttt el
n=0 6e(;:v’(m,i,j)7
e=olo’

where, by convention, we have supposed in the last sum that o and ¢’ are ordered
in such a way that z,; > x4 ;. Let us now use the notation o = e_; — e4; to
mean that e_; and e;; are the two faces of D, normal to eV and that the j-th
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coordinate of the points of e_; is lower than the j-th coordinate of the points of
€4;. By a reordering of the sums, we get

N _1

10— — N st N eyl uptt (o =9l ).
n=0

oeglm),
O=€_j—€4j

Let z._, j and z.; ; be the j-th coordinate of the points of €_; and e ; respectively.

Then we remark that, for o =e_; = €1, (ve,, j — Te_, ;) |e4;| = |Do|, and
N('m)_l n _ n
I(m) _ Z 5t(m) Z ‘D¢7| un Pey; — Pey
n .
n=0 €450~ Teojij

oeglm),
O=€_j—>€4j

Thanks to the regularity of ¢, the piecewise constant function equal to (go?ﬂ —
e, ) (Tey;5 — Te_;,5) over Do, 0 € EmD converges to 9;¢ in L=(Q x (0,T)), so,
thanks to the convergence of (u("™),,cn in L?(Q x (0,T)),

T
lim (™ = —/ / Ui 8j(p dx dt.
m——+00 0 Q

The residual term R(™) reads

N(m) _1
R = 3" 5t™ 3" D] (05u)2 T (@, — 1),
n=0 ecE(m,i5)

with ¢7, the mean value of ¢ over D¢ X (tn,tn41). Thanks to the regularity of ¢

and the control of (5ju§m))m€N in L2(Q x (0,7)), R'™ tends to zero when m tends
to 400, which concludes this point.

Step 5 — Strong convergence of (p(™),,ey in LI(Q x (0,T)), ¢ > 1 — We
follow the proof in [2I]. On one hand, a classical property of the weak topology in
L*(Q x (0,T)) yields, for the weak limit 5 of the sequence (p(™)),,en:

2l 222 (0,1)) < 1}333; 12| 2% (0,17)-

On the other hand, summing the discrete entropy estimate over the cells and
the first n time steps, we have for all n in [0, N — 1]:

Yo OB < D IK] (%) < lpolla o),
KeM(m) KeMm(m)

and thus, integrating over the time, ||p(™ || 12 (0,1)) < T ||pollr2(0). We know that
the weak limit p satisfies the convection equation with a divergence-free velocity
field  lying in L2(0, T'; H}(Q)%) and the theory of renormalized solutions [6] implies
that [|p]lz2(ax0,7)) =T llpollr2(n)- We thus have

LU 1P N[ 22 x 0,19) = 121l 22 (@x(0,7)):

which implies the convergence of the sequence (p(™)en to 5 in L2(Q x (0,T)).
Finally, this convergence also holds in L9(Q x (0,T)) for any ¢ < 400, since the
sequence (p{™)),,ey is bounded in L>=(Q x (0,7)).

Step 6 — Strong convergence of the viscosity and the forcing term —
Thanks to the strong convergence of (p(™),,cy in LI(Q x (0,T)), ¢ > 1, there
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exists a subsequence still denoted (p(™),,en such that p(™(t, 2) — p(t, z) for a.e.
x in Q and ¢ in (0,7). The Lebesgue dominated convergence theorem implies that,
for any real function g continuous over [pmin, Pmax] (and so bounded), the sequence
(g(p™)))men converges to g(p) in LI(Q x (0,7T)). This yields the convergence of
the sequence (1(p(™))men defined by

N 1

= T ) @) Ko

n=0 KeMm)

Invoking Lemma 2| the coefficients p(*7) involved in the definition of the diffusion
term therefore also converge to p(p) in L4(2x (0,7)), ¢ > 1. In the case where the

forcing term is defined as a function of p, the same arguments prove its convergence
to f(p) in LU(Q % (0,T))%, ¢ > 1.

Step 7 — Passing to the limit in the momentum balance equation — Let
pE COO([O T) x )%, such that dive = 0, and, for m € N, n € [0, N ], i € [1,d]
and o € £

int

let us define by ¢ by
1 .
cr = [ et e arfe)

Multlplylng the momentum balance equation (O] by dt(™) |D,| 7, summing over
UEE overzeﬂl d] and n € [0, N(™ — 1], we get

7™+ 1™+ ™+ T + T8 = 0, with

N g

7 — Z Z st(m) Z Dy | Ot (pus) 2t i,
oeelm®
d NU™—1
TZ(M) :Z Z 5¢(m) Z |Dy| div(pu; w)?Tt o7,
i=1 n=0 oceglm®
d NO™_1
™ = -3 % st ST D, div(u D(w)rtt ¢,
i=1 n=0 oceglm
4 NO_1
o =3 3" 6™ N D] (Vp)itt e,
i=1 n=0 0'651(!::1)
d N1
T =30 ST 6t ST D, £t
i=1 n=0 oeglm?

int

Thanks to the definition of ¢” and to the L2-duality between the discrete gradient
and the discrete divergence, the term T4(m) vanishes. Reordering the sums in the
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term Tl(m), we obtain, using the expression of the discrete time derivative,

N 1

d
_Z Z Z 6t(m) ID | n+1 un+1 @Uét(_;pa

=1 n=0 €S(m, ,i)

int

d
> > IDsl P, ug e

i=1 o cglmd)

int

Thanks to LemmaE and to the convergence of ((p(™),,en) to pin L2(Qx (0, T))
the piecewise constant function equal to ,O”Jrl over Dy X (tn,tny1), for o € Smt
converges to p in L?(Q2x (0, T)) when m tends to +o00, Vi € |1, d] (remember that the
face density is a convex combination of the density in the two adjacent cells). The
regularity of ¢ yields that the piecewise function taking the value (2! —?)/§t(™)
on the same space-time domains converges to dyp; in L>(Q2 x (0,7)), Vi € |1,d].
Finally, still by Lemma the function of the space variable taking the value
P, over Dg, for o € £l converges to py in L2(Q), Vi € [1,d], since the initial
condition for p does so. The convergence of the velocity in L?(€2 x (0,7))% was
proven in the previous step, and the convergence of the discrete initial value for the
velocity to ug in L2(2)? is standard, as is the convergence of the function equal to

% over D,, for o € S.(m’i) to ;(+,0) in L>(R), Vi € [1,d]. Therefore:

lim T //u cpda:dt—/pouo o(x,0) de.
m——+00

Let us now turn to the convection term TQ(m). By the same computation as in
the proof of Lemmam we get, with the notations of Equation and Figure

d NM™_1 n_ on

CEE Y ST VI APV
i— Loj = Lo',j
i=1 n=0 j=1 eGS(m”),

e=olo’

The Hoélder inequality with ¢ = 3/2 and ¢/ = 3 yields, for v € L>®(Q2 x (0,7))
(which holds for the components discrete velocities), at a.e. t € (0,7):

vl 4/3+2 xr vl 2 {132/3 v 6 :131/3
/Qu,m ds(/ﬂ|<,t>|d) (/Q|<,t>\d),

10/3 2
H’UHLm/%(QX(O T)) = HU”Loo(o T;L2(Q)) ||UHL2(O,T;L6(Q))'
We thus get that the sequence (u(™),,e is controlled in L'%/3(Qx (0, T'))? and thus
converges to @ in L4(Q x (0,T))%, 1 < ¢ < 10/3. In addition, (p"),,en converges
to pin L1(Q x (0,T)), ¢ < +o00, and, thanks to the regularity of ¢, the piecewise

SO

function 5j<pgm) equal to (¢l — %) /(Te,j — Tor j) OVer De X (tn,tni1), € € Elm.i.g)
and n € [0, N(™ — 1], converges to 9;p; in L=(2 x (0,T)), for (i,5) € [1,d]?. The
lemma thus yields:

m1—1>r£ooT Z/ /ulu V; dx dt.
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By definition of the discrete diffusion term, we have:

T
T = / / (10 D) e (u™ (2, 1)) : Vo™ () da dt.
0 Q

Thanks to the weak convergence of the discrete gradients of u(™) to Va in L?(Q x
(0,T))?*4, the convergence of u(p™) to u(p) in LI(Q x (0,T)), ¢ > 1 and the
convergence of the discrete gradients of ¢ to Ve in L>=(Q x (0,7))%*? we have:

T
lim 7™ = / / 1(p) D(@) : Voo da dt.
0 Q

m—+oo

Finally, f is either fixed or converges to f(p), so, invoking once again the regu-
larity of the test function:

T
lim T = / / o de dt.
nL—lH—loo 5 0 Q'f ¥ ax

This concludes the convergence proof. [

APPENDIX A. THE DISCRETE KORN LEMMA

Lemma A.l. Let i,j € [1,d]?, with i # j, let u and v be two discrete fields
corresponding to a discrete i-th velocity component and j-th wvelocity component,
respectively, and let the partial derivatives of the discrete velocities be defined by
. We suppose that the normal velocities vanish on the boundary. Then we
have:

(51) 6]"11 5,‘1} de = 6211, 53'1} de.

Q Q
Proof. Let us begin with the two-dimensional case and, to fix the ideas, let us
suppose that i = 1 and j = 2. Both 0yu and 01v are defined on the same twice-
staggered cells, i.e. cells associated to the vertices of the mesh; we denote by 8&’2)
the set of the mesh vertices which lie in the interior of the domain. Let us introduce
the following local notations:

- forae Ei(nl{z), we define by uf;, u¢, vfy, and v the four neighbouring discrete

velocity unknowns (see Figure [7}(a));

- for o € EW, we define by vy, vy, v%p and vy, the four neighbouring
unknowns for the field v (see Figure [7(b));

- for K € M, we define by uff,, uf, v& and vE the four normal velocities on
the edges of K (see Figure[7}(c)).

Since the normal velocity vanishes at the boundary, either dou or d;v vanishes, and
the integral of Equation reads:

/ 0ju 0;v do = Z (ufy —ug) (vg — viy).
Q

acetDygld)

int
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Reordering twice the sums, we get:

Z (ufy —ug) (vp —vy) = Z Uq ((UgE —vgw) — (Vp — U?VW))

aceLUE) oee®

int
= D (uf —uy) (§ —of),
KeM

which concludes the proof in the two-dimensional case. These arguments readily
extends to the three dimensional case, replacing (still with ¢ = 1 and j = 2) the

vertices of the mesh by the vertical edges. (]
u(ZZV 0§ v vK
S NW NE N
K K
vy T a vE . Uy E
| | ) i
v v I3 v
—1— SW SE S
Us

(a) (b) (c)

FIGURE 7. Local notations for the proof of the discrete Korn
lemma.

We are now in position to prove the following result, which is the discrete coun-
terpart of the so-called Korn lemma.

Lemma A.2 (Discrete Korn Lemma). For any discrete velocity field u, the follow-
ing tdentity holds:
1
/Dg : De(u) dx = /Vgu Veu dz + = 5 /divM(u)2 de.

Proof. By the definition of the strain rate tensor D and the simple algebraic identity
T:8= %(TJr Tt) : 8, valid for two tensors T and S as soon as S is symmetric,
we have:

1 1
/Dg(u) : Dg(u) de = §/Vgu :(Veu+ Vgu) de = i/Vgu :Veudxe + T,

where

/ Z5ul6u3

2,7=1

Lemma, yields

T_l/ 26u15uj dm—f/ Zﬁuz (25% x,
Q

3,7=1

which concludes the proof. [



THE MAC SCHEME FOR VARIABLE DENSITY INCOMPRESSIBLE FLOWS 33

APPENDIX B. ON TRANSFER OPERATORS FROM ONE MESH TO ANOTHER ONE

This section gathers some stability and convergence results for transfer operators
defining a piecewise constant function on a second mesh as a function of a piecewise
constant function on a first one. Since the results of this section are quite general,
we state them using generic notations; in this paper, they apply to transfers (or
"reconstructions”, in the sense defined below) between the primal mesh, a dual
mesh or a mesh associated to the discrete velocity gradients. We first begin with a
LP stability result.

Lemma B.1. Let Q be a domain of R, d € [1,3], and let P and Q be two finite
partitions of 0. Let (up)pep and (Yp,Q)(p,Q)e(px0) be two family of real numbers,
and let us define the functions u and v, 1 — R, by

= Z upXp(x), wv(x)= Z (Z YpQ up)Xo(x).
Pep QEQ PeP

For P € P and Q € Q, we denote by Np and N the sets Np = {Q € Q s.t. vpo #
0} and Ng = {P € P s.t. ypg # 0}. We suppose that n € N and C € R are such
that

card(Ng) <n, VQ € Q, and Z [vpol” QI < C |P|, VP € P.
QENP

Then, forr > 1, ||v| r@) < n=D/" CY" || prq)

Proof. Using the inequality (3.5, a;)" <n""t>"" | al, valid for any set of n non-
negative real numbers (a;);ej1,n], We have

ol = D 1R vpg url” <™ 37101 pel” lupl”

QeQ PeP QeQ peP
=" Y (Y el Q) lupl” <0 C Y P w7
PeP QeNp peP
which concludes the proof. ([

Let us now define what we mean by a reconstruction operator, then state and
prove its convergence properties.

Definition B.1. Let Q be a domain of R%, d € [1,3], and let P and Q be two
finite partitions of Q. Let (7p,Q)(p,@)e(pxq) be a family of real numbers such that:

(52) @ =0, V(P,Q) €(PxQ) and > Apo=1, ¥Qe Q™.
PeNg

Let R the operator associating to a piecewise constant functions over the cells of P
the following piecewise constant function over the cells of Q:

S owte o Ro= Y (3 k)
PeP(m) QeQ(m PeNq

The operator R is referred to in the following as the reconstruction operator asso-
ciated to the coefficients (Yp,Q)(r,Q)e(PxQ)-
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Lemma B.2. Let Q be a domain of R?, d € [1,3], and let (P"))en and
(Q™) en e two sequences of finite partitions of Q. For m € N, let the coef-
ficients (vp,Q)(p,0)e(ptm xoum)y satisfy the assumption , and let R(™) be the
associated Teconstruction operator. For P € P and Q € Q, we denote by Np and
Ng the sets Np = {Q € Q s.t. ypg # 0} and Ng = {P € P s.t. vpo # 0}. Let
6(™) be defined by

(m) _ _
(53) J Jmax sup{|x — y|, * € Q, y € Upen, P}.

We assume that 6™ tends to zero when m tends to +o0o. In addition, we suppose
that there exists n € N and C € R such that, for any m € N,

cardWNg) <n, VQ € Q™. and > Q| <C [P|, VP e P™.
QENp

Then, if a sequence (u(m))meN of piecewise functions over (P(m))meN converges
in L"(Q), r > 1, to @, then the sequence (R (u™))yen also converges to @ in
L ().

Proof. Let € > 0 and ¢ € C2°(Q) such that ||z — ¢||1-(q) < €. For P € P™), let
up and @pp be the mean value of 4 and ¢ over P, respectively, and let us denote
@™ and (™ the corresponding piecewise constant functions. We write

[R™ (w(™) — @ r gy = ™ ™ T+ T
with
T = RO (um)) — RO (@) | 1o
T{™ = [|R (@) — R (0™)|| 1)
I = [RU™ (o) = gllpr iy, T{™ = llp — il 10

We have ||u(™ — a(™) llr) < f|lu(m™) — ||z (), since u(™ — @™ is the projection
of u{™) — @ over the space of piecewise constant functions over the elements of P("™);
for the same reason, ||a(™ — o™)|1-(q) < ||t — ¢||rr (o). Since Lemma yields
that the norm of the linear operator R("™ is lower than R = n("=1/" C1/7 there
exists M so that, for m > M;, both Tl(m) and TQ(W) are lower than Re. In addition,
by definition of ¢, T4m) < e. Finally, the term term T?Em) compares @ to a piecewise
constant function taking in @ € Q™ a value obtained by a convex combination of
the averages of ¢ in cells of P(™ included in a ball §(™) containing Q; therefore,
thanks to the regularity of ¢, this term tends to zero when m tends to 400, so there
exists My such that, for m > My, T3(m) < e. Combining the obtained estimates, we
have ||R™) (u(™)) — ullLr) < 2(R+1)e for m > max(M;, Mz), which concludes
the proof. O

The following remark clarifies the way these results are used in the present paper.

Remark B.1. Let us assume that the sequence (Q(m))meN s quasi-uniform with
respect to the sequence (P(m))meN in the sense that there exists 6 > 0 such that:

max{|Q|, @ € Q"} <0 min{|P|, P e P™}, VmeN.
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In addition, let us suppose that holds and that there exists n € N such that,
for all m € N,

card(Ng) <n, VQ € Q™ and card(Np) < n, VP € P"™).

and that Assumption holds. This situation corresponds to the case where the
mesh step for (P")en and (QU™),,en tends to zero and, as usual, the recon-

struction operator is defined with a constant stencil.
Then the assumptions of Lemmas[B.1] and [B-3 are satisfied.

APPENDIX C. A COMPACTNESS RESULT

Let us begin with a definition.

Definition C.1 (Compactly embedded sequence). Let B be a Banach space and
(X(m))meN be a sequence of Banach spaces included in B. The sequence (X(m))meN
is said to be compactly embedded in B if any sequence (u(m))meN satisfying:

- wlm e X for allm € N,
- the sequence (|ul™ || x(m))men is bounded
is relatively compact in B.

Then the following compactness result is a corollary of [7, Proposition C5] (see
also [IT, Chapter 4]).

Theorem C.1 (Time compactness with a sequence of subspaces). Let 1 < p < oo
and T > 0. Let B be a Banach space and (X"™),.cn be a sequence of Banach spaces
compactly embedded in B. Let (f))en be a sequence of LP(0,T; B) satisfying
the following conditions:

(1) The sequence (f™) ey is bounded in LP((0,T); B).

(2) The sequence (||f(m)||L1(0,T;X<m>))meN is bounded.

(8) There exists a non-decreasing function n from (0,T) to Ry such that

lig%) n(7) =0 and, V7 € (0,T) we have:

T—1
/0 1 (4 7) — F @) dt < n(r)

for allm > M (1), where M (1) is an integer possibly depending on 7 (often,
in applications, tending to +0o when T tends to zero).

Then, (f™))men is relatively compact in LP(0,T; B).

Proof. Since f(™ € LP(0,T; B), one has fOTiT £ (t+7) — fM @)% dt — 0 as
m — +00, so that, by the third assumption of the theorem,

T—7
sup / £ (t 4+ 7) — f(m>(t)||173 dt = 0 as n — +oo.
meN Jo

Therefore, [7, Proposition C5] applies. O
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